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Abstract. We study generalized Robin boundary conditions, Robin-to-Dirichlet maps, and Krein- 
type resolvent formulas for Schrodinger operators on bounded Lipschitz domains in R n , n ^ 2. 
We also discuss the case of bounded C 1,r -domains, (1/2) < r < 1. 



1. Introduction 

This paper is a continuation of the earlier papers [43] and [46], where we studied general, not 
necessarily self-adjoint, Schrodinger operators on C 1,r -domains ft C M", n £ N, n ) 2, with compact 
boundaries dil, (1/2) < r < 1 (including unbounded domains, i.e., exterior domains) with Dirichlet 
and Neumann boundary conditions on dQ. Our results also applied to convex domains f2 and to 
domains satisfying a uniform exterior ball condition. In addition, a careful discussion of locally 
singular potentials V with close to optimal local behavior of V was provided in [43] and [46] . 

In this paper we push the envelope in a different direction: Rather than discussing potentials 
with close to optimal local behavior, we will assume that V € L°° (Vl; d n x) and hence essentially 
replace it by zero nearly everywhere in this paper. On the other hand, instead of treating Dirichlet 
and Neumann boundary conditions at dQ, we now consider generalized Robin and again Dirichlet 
boundary conditions, but under minimal smoothness conditions on the domain f2, that is, we now 
consider Lipschitz domains f2. Additionally, to reduce some technicalities, we will assume that f2 
is bounded throughout this paper. Occasionally we also discuss the case of bounded C^-domains, 
(1/2) < r < 1. The principal new result in this paper is a derivation of Krein-type resolvent formulas 
for Schrodinger operators on bounded Lipschitz domains in connection with the case of Dirichlet 
and generalized Robin boundary conditions on dtt. 

In Section 2 we provide a detailed discussion of sclf-adjoint Laplacians with generalized Robin 
(and Dirichlet) boundary conditions on dft. In Section 3 we then treat generalized Robin and 
Dirichlet boundary value problems and introduce associated Robin-to-Dirichlet and Dirichlet-to- 
Robin maps. Section 4 contains the principal new results of this paper; it is devoted to Krein-type 
resolvent formulas connecting Dirichlet and generalized Robin Laplacians with the help of the Robin- 
to-Dirichlet map. Appendix A collects useful material on Sobolev spaces and trace maps for C 1,r 
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and Lipschitz domains. Appendix B summarizes pertinent facts on sesquilinear forms and their 
associated linear operators. Estimates on the fundamental solution of the Hclmholtz equation in 
R™, n ^ 2, are recalled in Appendix C. Finally, certain results on Calderon-Zygmund theory on 
Lipschitz surfaces of fundamental relevance to the material in the main body of this paper are 
presented in Appendix D. 

While we formulate and prove all results in this paper for self-adjoint generalized Robin Laplacians 
and Dirichlet Laplacians, we emphasize that all results in this paper immediately extend to closed 
Schrodinger operators Hq^q = — A& t n + V, dom(.ffe,n) = dom( — Ae,n) in L 2 (Q; d n x) for (not 
necessarily real- valued) potentials V satisfying V G L°°(Q; d n x), by consistently replacing —A by 
—A + V, etc. More generally, all results extend directly to Kato-Rellich bounded potentials V 
relative to — Ae,o with bound less than one. 

Next, we briefly list most of the notational conventions used throughout this paper. Let TL be a 
separable complex Hilbert space, ( • , • )u the scalar product in TL (linear in the second factor), and 
I-Yi the identity operator in TL. Next, let T be a linear operator mapping (a subspace of) a Banach 
space into another, with dom(T) and ran(T) denoting the domain and range of T. The spectrum 
(resp., essential spectrum) of a closed linear operator in TL will be denoted by a( ■ ) (resp., cr oss ( • )). 
The Banach spaces of bounded and compact linear operators in TL are denoted by B(TL) and B^TL), 
respectively. Similarly, B(Hi,H2) and B 00 (TLi,TL2) will be used for bounded and compact operators 
between two Hilbert spaces TL\ and H.2- Moreover, X\ <^-» X 2 denotes the continuous embedding of 
the Banach space X\ into the Banach space X%. Throughout this manuscript, if X denotes a Banach 
space, X* denotes the adjoint space of continuous conjugate linear functional on X, that is, the 
conjugate dual space of X (rather than the usual dual space of continuous linear functionals on X). 
This avoids the well-known awkward distinction between adjoint operators in Banach and Hilbert 
spaces (cf., e.g., the pertinent discussion in [37, p. 3-4]). 

Finally, a notational comment: For obvious reasons in connection with quantum mechanical 
applications, we will, with a slight abuse of notation, dub —A (rather than A) as the "Laplacian" 
in this paper. 

2. Laplace Operators with Generalized Robin Boundary Conditions 

In this section we primarily focus on various properties of general Laplacians — Ae,n in L 2 (Q; d n x) 
including Dirichlet, — Arj.n, arid Neumann, —A^.n, Laplacians, generalized Robin-type Laplacians, 
and Laplacians corresponding to classical Robin boundary conditions associated with open sets 
fi C M", n E N, n > 2, introduced in Hypothesis 2.1 below. 

We start with introducing our assumptions on the set £1 and the boundary operator which 
subsequently will be employed in defining the boundary condition on dQ: 

Hypothesis 2.1. Let n e N, n > 2, and assume that f2 C K" is an open, bounded, nonempty 
Lipschitz domain. 

We refer to Appendix A for more details on Lipschitz domains. 

For simplicity of notation we will denote the identity operators in L 2 (Q; d n x) and L 2 (dQ; d n ^ 1 uj) 
by In and Ign, respectively. Also, we refer to Appendix A for our notation in connection with 
Sobolev spaces. 

Hypothesis 2.2. Assume Hypothesis 2.1 and suppose that a<~, is a closed sesquilinear form in 
L 2 (dQ; cP -1 ^) with domain H 1 / 2 (d^l) x H 1 / 2 (d^l), bounded from below by cq el (hence, in partic- 
ular, ae is symmetric). Denote by ^ cqIqq the self-adjoint operator in L 2 {dQ,;d n ~ l uj) uniquely 
associated with ae {cf. (B.27)) and by € B{H 1 / 2 (d^t), H^ 1 / 2 (dfl)) the extension of Q as discussed 
in (B.26) and (B.32). 
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Thus one has 

(/,e fl > 1/2 = (<7,e/) 1/2 , f, 9 eH l ' 2 {dn). (2.1) 
</,e/) 1/2 > ce ||/|| 2 L2(a0;d „- M , feH^ 2 (dn). (2.2) 

Here the sesquilinear form 

<■,•>- = H^dn){-,-)H-sm)--H s (dn)xH- s (dn)^c, se[o,i], (2.3) 

(antilinear in the first, linear in the second factor), denotes the duality pairing between H s (dfl) and 

H- S (dn) = (H s (dQ))*, s G [0, 1], (2.4) 

such that 

(f,g) s = / d n "M0 7(0fl(0. / e # s (dO), .9 g L^d"-^) ff- s (dri), s g [0,1], (2.5) 

Jon 

and d n_1 w denotes the surface measure on dfl. 

Hypothesis 2.1 on is used throughout this paper. Similarly, Hypothesis 2.2 is assumed whenever 
the boundary operator 9 is involved. (Later in this section, and the next, we will occasionally 
strengthen our hypotheses.) 

We introduce the boundary trace operator j D (the Dirichlet trace) by 

7& : C(O) -> C(dSl), 1d u = u\ dn . (2.6) 

Then there exists a bounded, linear operator 7^ (cf., e.g., [69, Theorem 3.38]), 

7D : H S (Q) -> H'-W(dSl) ^ L 2 (dfl; d™ _1 u;), 1/2 < s < 3/2, 

7D : ff 3 / 2 (ft) -» H^idn) ^ L 2 (dfl; oT^w), e G (0, 1), 

whose action is compatible with that of 7^. That is, the two Dirichlet trace operators coincide on 
the intersection of their domains. Moreover, we recall that 

lD : H s (n) -► H s - (1/2) (dn) is onto for 1/2 < s < 3/2. (2.8) 

While, in the class of bounded Lipschitz subdomains in R", the end-point cases s = 1/2 and 
s = 3/2 of lD G B{H s (Q),H s - { - 1 l 2 \dVL)) fail, we nonetheless have 

7z,eB(ir (3/2)+e (fi),.ff 1 (0n)) ) e>0. (2.9) 
See Lemma A. 4 for a proof. Below we augment this with the following result: 

Lemma 2.3. Assume Hypothesis 2.1. Then for each s > —3/2, t/ie restriction to boundary operator 
(2.6) extends to a linear operator 

Id ■ {u G 1/2 (0) I Au G iT(tt)} -► L 2 {dn- d n - l uj), (2.10) 

is compatible with (2.7), and is bounded when {u G iJ 1//2 (0) | Au G i/ s (f2)} is equipped with the 
natural graph norm u ^ \\u\\ H i/2^ + \\Au\\h°((i)- In addition, this operator has a linear, bounded 
right-inverse (hence, in particular, it is onto). 

Furthermore, for each s > —3/2, the restriction to boundary operator (2.6) also extends to a 
linear operator 

j D --{ue H 3/2 (n) I Au G H 1+S (n)} -» H^dQ), (2.11) 

which, once again, is compatible with (2.7), and is bounded when {u G H 3 / 2 (Q) \ Au G H 1+S (Q)} is 
equipped with the natural graph norm u ^ \\u\\ H 3/2^ + \\ Au\\ H i+s^ ■ Once again, this operator has 
a linear, bounded right-inverse (hence, in particular, it is onto). 
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Proof. For each s G R set H^(£Y) = {u G H s (£l) \ Ait — in f2} and observe that this is a closed 
subspace of H s (n). In particular, is a Banach space when equipped with the norm inherited 

from H s (il). Next we recall the nontangential maximal operator M defined in (D.9). According to 
[39], or Corollary 5.7 in [51], one has 

H^ 2 (n) = {u harmonic in Q \ M(u) G L 2 (dfl; d"" 1 ^)} (2.12) 

1/2 

and u i — ► ||-^(w)||£,2(gQ ;( jn-i w ) is an equivalent norm on i? A ' (f2). To continue, fix some k > and 
set = dist (y, dil) for y G SI. According to [28], the nontangential trace operator 

(7n.t.u)(a0 = ^lim^ u{y) (2.13) 

\x-y\<(l+n)d(y) 

is then well-defined when considered as a mapping 

7n . t . : {u harmonic in | M («) G L 2 (<90; cT^o;)} -» L 2 (<9ft; (T^w). (2.14) 

Furthermore, the operator (2.13), (2.14) is bounded. 

Granted these results, for a fixed s > —3/2 we may then attempt to define 

7 D : H% 2 (Q) + H s+2 (n) -» L 2 (<9ft; d"" 1 ^ (2.15) 

by setting 

7b(u + w) = 7„. t .« + 7dw, u G ffl /2 (fi), « G H s+2 (fl). (2.16) 

A moment's reflection shows that, in order to establish that the mapping (2.15), (2.16) is well-defined, 
it suffices to prove that 

Jn.t.u = J D u in L 2 {dVL; dP^u) whenever u G H {1/2)+£ (fi), e > 0. (2.17) 

in the case when f2 is a bounded Lipschitz domain which is star-like with respect to the origin in E™ 
(cf. (A.6)). 

Assuming that this is the case, pick u G H^^ 2>>+e (fl) for some e > 0, and for each t G (0, 1) set 
u t (x) = u(tx), x G Q. We claim that 

u t u in H {1/2)+E (n) as i -> 1. (2.18) 

To justify this, it suffices to prove that this is the case when u G C°°(Cl) as the result in its full 
generality then follows from a standard density argument. However, for every u G C°°(0) one 
trivially has u t — > u as t 1 in ff 1 ^), hence in fl"( 1 / 2 )+ £ (fi). Having disposed of (2.18), wc may 
then conclude that "fu u t ^ 1d u in L 2 (dfl; d n ^ 1 iv) as t — * 1. Since for each i G (0,1) we have 
u t G C(Q), it follows that 7_ou t = 7^4 = ut|ao. Thus, altogether, 

u t \dn^lDU in L 2 (dfi; (f 1-1 ^ as t -> 1. (2.19) 

On the other hand, for almost every x G cT2, and every t G (0, 1), we have that y = tx belongs to O, 
converges to a; as t — * 1, and \x — y\ < (1 + k) dist (y, 90) for some sufficiently large n = k(Q) > 
(independent of x and t). This implies that 

u t (x) — > (7n.t.w)(a;) pointwise, for a.e. a; G (9f2, as i — > 1. (2.20) 

Combining (2.19), (2.20) we therefore conclude that the functions j n .t.u, jdu G L 2 (dfl; cP -1 ^) 
coincide pointwise a.e. on d£l. This proves (2.17) and finishes the justification of the fact that the 
mapping (2.15), (2.16) is well-defined. 
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Granted (2.15), (2.16) is well-defined, it is implicit in its own definition that the mapping (2.15), 
(2.16) is also bounded when we equip H^ 2 (n) + H S+2 (Q) with the canonical norm 

i« H inf ||u|| H i/2 (Q) + \\v\\ H s+2, n) . (2.21) 

w=u-\-v A v / 

The same type of argument as above (i.e., restricting attention to pieces of f2 which are star-like 
Lipschitz domains, and using dilations with respect to the respective center of star-likeness) shows 
the following: If w G C(£l) can be decomposed as u + v with u G H^ 2 (Q) and v G H S+2 (Q) for some 
s > —3/2, then w\gn = Jn.t.u + 7_dm. In other words, the action of the trace operator jjj in (2.15), 
(2.16) is compatible with that of (2.6). This completes the study of the nature and properties of 7d 
in (2.15), (2.16). 

Consider next the claim made about (2.10). As regards its boundedness and the fact that this 
acts in a compatible fashion with (2.7), it suffices to prove that 

{u e H 1/2 (n) 1 Au e H s (n)} ^ ffi /2 (o) + H s+2 (n), s>-3/2, (2.22) 

continuously. To see this, pick u G H 1 / 2 ^) such that Am G H S (Q) and extend (cf. [87]) Am to a 
compactly supported distribution w G H s (W l ). Next, set 

v(x)= [ d n yE n (x~y)w(y), (2.23) 

JR™ 

where 

, , f^-ln(b|), n = 2, 

is the standard fundamental solution for the Laplacian in M™ (cf. (C.l) for z = 0). Here w„_i = 
27r"/ 2 /r(n/2) (T( ■ ) the Gamma function, cf. [1, Sect. 6.1]) represents the area of the unit sphere 
in R™. Then v e H s+2 (£l) and Aw = Am in f2. As a consequence, the function w = u — v is 
harmonic and belongs to i? 1 / 2 (f2), that is, u = w + v with w £ H^ 2 (Q), v G H s+2 (fl). Furthermore, 
the estimate 

IIH|iji/2 (n) + < ^(1^11^1/2(0) + ||AM||^(n)) (2.25) 

for some C — C(fi, s) > is implicit in the above construction. Thus, the inclusion (2.22) is well- 
defined and continuous, so that the claims about the boundedness of (2.10), as well as the fact that 
this acts in a compatible fashion with (2.7), follow from this and the fact that 70 in (2.15), (2.16) 
is well-defined and bounded. As far as the existence of a linear, bounded, right-inverse is concerned, 
it suffices to point out (2.12) and recall that the mapping (2.14) is onto (cf. [28]). 

We now digress momentarily for the purpose of developing an integration by parts formula which 
will play a significant role shortly. First, if fl is a bounded star-like Lipschitz domain in K™ and G 
is a vector field with components in H^ 2 (Ct) + H s+2 (il), s > —3/2, such that div(G) G L 1 ^), then 

[dx n div(G)=[ cT^ujv^dG. (2.26) 
Jn Jon 

Indeed, if as before G t {x) = G(tx), x G ft, t G (0, 1), then 

div(G t ) = t(div(G)) t in the sense of distributions in ft. (2.27) 

Writing (2.26) for G t in place of G, with < t < 1, and then passing to the limit t — > 1 yields the 
desired result. As a corollary of (2.26) and (2.22), we also have that (2.26) holds if Vi is a bounded 
star-like Lipschitz domain in R™ and G is a vector field with components in {m G iJ 1 / 2 (fi) | Am G 
H S (Q)}, s > -3/2, such that div(G) G L 1 ^). Since the latter space is a module over Cg°(E n ) and 
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any Lipschitz domain is locally star-like, a simple argument based on a smooth partition of unity 
shows that the star-likeness condition on ft can be eliminated. More precisely, 

Hypothesis 2.1, ") 

G E {u E H 1 / 2 ^) | Au E H s (fl)} n , s > -3/2, I =>■ (2.26) holds. (2.28) 

div(G) e L 1 ^; d n x) ) 

Moving on, consider the operator (2.11). To get started, we fix s > —3/2 and assume that the 
function u E H 3 / 2 (tt) is such that Au e H 1+S (Q). Then, by the second line in (2.7), 

j D u e H^idn) for every s > 0. (2.29) 

To continue, we recall the discussion (results and notation) in the paragraph containing (A. 11)- 
(A.16) in Appendix A. For every j,k E {1, n}, we now claim that 

- Vjloidhv) - v klD {d 2 u). (2.30) 

OT j.k 

Since the functions djU,d k u belong to the space {w E H 1 ' 2 {Q)\ Aw E H S (Q)}, we may then 
conclude from (2.30) and (2.10) that 

d(~f D u) 



dT jtk 

and, in addition, 

d{~f D u) 



E L (dCt; d n ~ lo), (2.31) 



dr . k La(w _ lw) <C(||«|| fl .,. (n) + ||A«|| fll+ . (n) ) I (2.32) 

for every j, k E {l,...,n}. In concert with (2.32) and (2.29), the characterization in (A. 16) then 
entails that j£>u E H 1 (dQ) and ||7rm||#i(9n) < C(||u|| ff 3/2(Q) + || Au\\ H i+s^). In summary, the 
proof of the claims made about (2.11) is finished, modulo establishing (2.30). 

To deal with (2.30), let ip E Cg°(R n ) and fix j, k E {1, ...,n}. Consider next the vector fields 

F 3 . k = (0,...,0,ud k ip,0...,0,-udjip,0...,0), 

Gj,k = (0, ...,0,ipd k u,0...,0,-i)djU,0...,0), 

with the nonzero components on the j-th and fc-th slots. Then Fj, k , Gj. k have components in the 
space {u E # 1/2 (fi) | Au E H S (Q)} with s > -3/2 and satisfy 

div(F jife ) = -div(Gj, fe ) = (d 3 ud k ip - d k ud 3 ijj) E L 2 (0; d n x), (2.34) 

in the sense of distributions. Also, 

y ■ lD{Fj, k ) = {^Du)(v k dj^ - i/jdkip), ^ ^ 

v-lD{G jt k) = il>{vklD{d 3 u) - VjlD{d k u)). 
Hence, using (2.28), we obtain 

/ d n ^u {'jDu)(vhdji> - Vjd k if) = j d n ~ x usv ■ ^ D {Fj. k ) 
Jan Jon 

= f d n xdw{F J . k ) = - f d n xdiv{G j>k ) 

= - f <P- 1 wil>(vk'VD(d j u)-u :nD (d k u)). (2.36) 
Jon 

This justifies (2.30) and shows that the operator (2.11) is well-defined and bounded. Clearly, this 
acts in a compatible fashion with (2.7) and (2.10). To finish the proof of Lemma 2.3, there remains 
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to show that this operator also has a bounded, linear, right-inverse. This, however, is a consequence 
of the well-posedness of the boundary value problem 

«Gff 3/2 (0), Au = 0inft, 7D (u) =/ei? 1 (aO), (2.37) 

a result which appears in [101]. □ 

Next, we introduce the operator 7^ (the strong Neumann trace) by 

JN = v - lD V: H s+1 (n) ->L 2 (dft;d n - 1 w), 1/2 < s < 3/2, (2.38) 

where v denotes the outward pointing normal unit vector to dfl. It follows from (2.7) that is 
also a bounded operator. We seek to extend the action of the Neumann trace operator (2.38) to 
other (related) settings. To set the stage, assume Hypothesis 2.1 and recall that the inclusion 

i:H s (Q)^ (H 1 ^))*, s>-l/2, (2.39) 

is well-defined and bounded. We then introduce the weak Neumann trace operator 

j N : {ue H\Q) I An e H s (n)} H-V 2 (dQ), s > -1/2, (2.40) 

as follows: Given u G _ff 1 (0) with Am G H s {fl) for some s > —1/2, we set (with 1 as in (2.39)) 

<<£.7jvu)i/2= / dnx V*(sc) ' V«(a;) + m (n) t(Au)) (H i (n)) . , (2.41) 
Jn 

for all G H 1 ^ 2 {dfl) and $ G if 1 (ft) such that 7£>$ = 0. We note that this definition is independent 
of the particular extension <j> of </>, and that 7^ is a bounded extension of the Neumann trace operator 
7 at defined in (2.38). 

The end-point case s = 1/2 of (2.38) is discussed separately below. 

Lemma 2.4. Assume Hypothesis 2.1. Then the Neumann trace operator (2.38) also extends to 

7«:{«£ # 3 / 2 (ft) I Au G L 2 (ft; cT:r)} -» L 2 (<9ft; d™- 1 ^) (2.42) 

in a bounded fashion when the space {u G iJT 3 / 2 (ft) \ Au G L 2 (ft; (Pa;)} is equipped with the natural 
graph norm u 1— > + ll^ u IU 2 (n;d n a;)- extension is compatible with (2.40) and /ias a 

linear, bounded, right-inverse {hence, as a consequence, it is onto). 
Moreover, the Neumann trace operator (2.38) further extends to 

7at : {u G H 1/2 {fl) I An G £ 2 (ft; d n x)} -» H~ 1 {dQ) (2.43) 

in a bounded fashion when the space {u G iJT 1//2 (ft) | An G £ 2 (ft; rf"x)} is equipped with the natural 
graph norm u 1— > ||n|| i? i/2(Q) + ||An||i,2(Q. d n x ). Once again, this extension is compatible with (2.40) 
and /las a linear, bounded, right-inverse {thus, in particular, it is onto). 

Proof. Fix ip G C 00 ^). Applying (2.28) to the vector field G = ^Vn yields 

f (f- 1 w^-7 D (V?i)= / dx"W'Vn+ / dx n ^Au. (2.44) 
Jan Jo Jo 

Consider now G H^ 2 {dn) and $ G ff^ft^such that 7l3 $ = 0. Since C°°(ft) ^ ff^ft) is dense, 
it is possible to select a sequence ipj G C°°(ft), j G N, such that ^ $ in if 1 (ft) as j — > cxo. This 
entails Vtpj — » V$ in L 2 (ft;d™a;) and Vjlao — > in i? 1/2 (<9ft) as j — > 00. Writing (2.44) for tpj in 
place of if) and passing to the limit j — > 00 then yields 

/ ef- 1 o;0i/-7zj(V«)= / da;"W-Vn+ / dx"$Au. (2.45) 
Jan Jo Jo 
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This shows that the Neumann trace of u in the sense of (2.40), (2.41) is actually v ■ 7£>(Vu). In 
addition, 

WlNu\\ L 2 {an . d n-i w) = \\v ■ 7n(Vu)|| i 2 (an . d „-i w) 

< ||7r>(Vu)||i,2(an ;d n-i w) n 

= C(||V«|| ff l/ a( n)n + ||V(Au)||jf-i ( n)») 

< C(\\u\\ H3/Hn) + ||Au|| L2( n ; d»x)), (2-46) 

where we have used the boundcdness of the Dirichlet trace operator in (2.10) with s = — 1. This 
shows that, in the context of (2.42), the Neumann trace operator 

7nu = u ■ ^ D (Vu) (2.47) 

has is well-defined, linear, bounded and is compatible with (2.40). The fact that this has a linear, 
bounded, right-inverse is a consequence of the well-posedness result in Theorem 3.2, proved later. 
As far as (2.43) is concerned, let us temporarily introduce 

7„:{u£ H^ 2 (Q) | Au e L 2 (Q; d n x)} -> ff-^dQ) = (tf 1 ^))*, (2.48) 

by setting 

{4>, 7n«)i = (7at($), 1du)o + ($, Au) L 2 {n . d n x) - (A$, u) L 2 {n . d n x) , (2.49) 

for all e ^(dn), where $ e H 3 / 2 (n) is such that 7d$ = and A$ e £ 2 (f7; ePa:). That such a $ 
can be found (with the additional properties that the dependence <f> \— ► $ linear, and that $ satisfies 
a natural estimate) is a consequence of the fact that the mapping (2.11) has a linear, bounded, 
right-inverse. Let us also note that the first pairing in the right hand-side of (2.49) is meaningful, 
thanks to the first part of Lemma 2.3 and what we have established in connection with (2.42). 

We now wish to show that the definition (2.49) is independent of the particular choice of $. For 
this purpose, we recall the following useful approximation result: 

C°°(Ti) ^ {u e H S {Q) | Au e L 2 {n- d n x)} densely, whenever s < 2, (2.50) 

where the latter space is equipped with the natural graph norm u i— > ||w|| + ||Aw||i2(Q.^n a; ). 
When s = 1 this appears as Lemma 1.5.3.9 on p. 60 of [48], and the extension to s < 2 has been 
worked out, along similar lines, in [26]. Returning to the task ast hand, by linearity and density is 
suffices to show that 

(7iv($), 1du)o + Au) L 2 (n . d n x) - (A$, u) L 2 (Q . d n x) = (2.51) 

whenever $ e H 3 / 2 (tt) is such that 7 D $ = 0, A$ e L 2 (Q,; d n x), and u G C°°(fi). Note, however, 
that by (2.41) with the roles of $ and u reversed we have 

(7;v($),7Wo= / ftV$(i) • V«(x) + (A$,u) L 2 {n . d n x) , (2.52) 

so matters are reduce to showing that 

/ d n x V$(x) ■ Vu(x) = - <$, Au) L 2 (n . d n x) . (2.53) 

Nonetheless, this is a consequence of Green's formula (2.28) written for the vector field G = $Vu 
(which has the property that jdG = 0). In summary, the operator (2.48), (2.49) is well-defined, 
linear and bounded. 
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Next, we will show that this operator is compatible with (2.40), (2.41). After re-denoting j n by 
77V, then this becomes the extension of the weak Neumann trace operator, considered in (2.43). To 
this end, assume that u G H 1 ^) has Am G L 2 {Q; d n x). Our goal is to show that 

(<j>,jNu) 1/2 = {4>,lnU)l (2.54) 

for every <fr G H 1 (dD.) or, cquivalcntly, 



/ 



d n x V$(x) • Vu(jc) = (7v($),7du)o - (A$,u) L 2 (n;(J „ x) , (2.55) 
for $ G H 3 / 2 {Q) such that A$ G L 2 (Q;d n x). However, 



(in(^),1du}o = <7jv(*),7d«>i/2 = / d"zV$(z)-Vu(a;) + (A$,u> L 2 (n . d „ x) , (2.56) 

Jn 

where the first equality is a consequence of what we have proved about the operator (2.42), and the 
second follows from (2.41) with the roles of u and $ reversed. This justifies (2.55) and finishes the 
proof of the lemma. □ 

For future purposes, we shall need yet another extension of the concept of Neumann trace. This 
requires some preparations (throughout, Hypothesis 2.1 is enforced). First, we recall that, as is 
well-known (see, e.g., [51]), one has the natural identification 

(fl^fi))* = {u G fl" _1 (R n ) | supp («) C ft}. (2.57) 

Note that the latter is a closed subspace of H~ 1 (R n ). In particular, if R^u = u\q denotes the 
operator of restriction to ft (considered in the sense of distributions), then 

R n : (H 1 ^))* ^ H- 1 ^) (2.58) 

is well-defined, linear and bounded. Furthermore, the composition of Rq in (2.58) with i from (2.39) 
is the natural inclusion of H s (fl) into i/ _1 (f7). Next, given z G C, set 

W z (n) = {(«,/) e H\fl) x (H\n)Y | (-A - z)u = /| n in V'(fl)}, (2.59) 

equipped with the norm inherited from i? 1 (fi) x (i/ 1 (£!))*. We then denote by 

TV : W Z (Q) -» H- 1/2 (dQ) (2.60) 

the ultra weak Neumann trace operator defined by 



,7Mu,/)>i/2= / <TxV*(x)-Vu(x) 
Jn 



z 



/ d n x$(x)u(x)- H i {n) ($,f) {H i {n)r , (u,/)eW z (ft), 



(2.61) 



for all </> G H 1 ^ 2 (dfl) and $ G i/ 1 (0) such that 713 $ = <i>- Once again, this definition is independent 
of the particular extension $ of </>. Also, as was the case of the Dirichlet trace, the ultra weak 
Neumann trace operator (2.60), (2.61) is onto (this is a corollary of Theorem 4.5). For additional 
details we refer to equations (A.28)~(A.30). 

The relationship between the ultra weak Neumann trace operator (2.60), (2.61) and the weak 
Neumann trace operator (2.40), (2.41) can be described as follows: Given s > —1/2 and z G C, 
denote by 

j z : {u G ff^Q) I Au G H S {Q)} -> W Z {Q) (2.62) 

the injection 

j z (u) = (u,l(-Au- zu)), u G H\n), Au G H s (n), (2.63) 
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where i is as in (2.39). Then 

1N°3z=1n- (2.64) 

Thus, from this perspective, 7^ can also be regarded as a bounded extension of the Neumann trace 
operator 7^ defined in (2.38). 

Moving on, we now wish to discuss generalized Robin Laplacians in Lipschitz subdomains of R™. 
Before initiating this discussion in earnest, however, we formulate and prove the following useful 
result: 

Lemma 2.5. Assume Hypothesis 2.1. Then for every e > there exists a (3(e) > (/3(e) = 0(l/e)) 
such that 

ll7^ll! 2 ( W - la0 ^ e\\Vu\\ 2 L2{n . dnx)n + (3(s)Ml H n; d n x) for all u G H^Q). (2.65) 

Proof. Since ft is a bounded Lipschitz domain, there exists an ft G Cg°(M. n ) n with real- valued 
components and n > such that (cf., [48, Lemma 1.5.1.9, p. 40]) 

(y ■ h)c" ^ k a.e. on dCl. (2.66) 

Thus, 

ll7Du|||2 (an . d „-i w) - / d n ~ x u (v ■ h) C n | 7D u' 2 



- [ tP^ufvh^ 

= - [ d"a;div(|u| 2 /i), 
« Jn 

= ^£d n x(V\u\ 2 ,h) Cn + \u\ 2 div(h)^, u€H\n), (2.67) 

using the divergence theorem in the second step. Since for arbitrary e > 0, 

|2uVu| sc e|Vu| 2 + (l/e)|it| 2 , u e .ff^fi), (2.68) 
and ft G Cfi° (R n ) n , one arrives at (2.65). □ 

Next we describe a family of self-adjoint Laplace operators — Aqji in L 2 (Q; d n x) indexed by the 
boundary operator Q. We will refer to — Ae,n as the generalized Robin Laplacian. 

Theorem 2.6. Assume Hypothesis 2.2. Then the generalized Robin Laplacian, —Aq^q, defined by 

-A e>n = -A, dom(-Ae,f 2 ) = {u G fl^fi) | Au G L 2 (n ; d n x); (7^ + 87/3)71 = tn iJ~ 1/2 (<9Jl)}, 

(2.69) 

is self-adjoint and bounded from below in L 2 (Q;d n x). Moreover, 

dom(\-A e ,n\ 1/2 )=H 1 (n). (2.70) 
Proof. We introduce the sesquilinear form o_A e ,n( ' > ' ) 011 the domain 1 (SI) x i? 1 (fi) by 

a- Ae , n (u,v) = a- Ao ,n{u,v) + {^ D u, Q^ D v) 1/2 , u,v G iJ^fi), (2.71) 
where a_A n ( • , • ) on i^ 1 (SI) x _ff 1 (Jl) denotes the Neumann Laplacian form 



a- Aon (u,v)= / d n x(Vu)(x) ■ (Vv)(x), u^eif^fi). 
Jo 



(2.72) 



One verifies that a_ Ae , n ( ■ , • ) is well-defined on tf^fi) x ff^fi) since 7/5 G B (iJ 1 (fi) , H 1 / 2 (dd)) , 
6 G B(H 1 / 2 (dQ), H-^idSl)) , and (6 + (l-c e )/an) 1/2 G B(H 1 l 2 (dQ),L 2 (dQ.; d^uj)) (cf. (B.43)). 
This also implies that 

(6 + (1 - c e )I 9 n) 1/2 lD G 6(^(0), i 2 ^;^" 1 ^). ( 2 - 73 ) 
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Employing (2.1) and (2.2), a_A e ,n is symmetric and bounded from below by c®. Next, we intend 
to show that a_A e ,n is a closed form in L 2 (ft; d n x) x L 2 (ft;d"x). For this purpose we rewrite 

(■Jdu, Q'j D v) 1/2 as 

("fDU,®"f D v) 1/2 

= ((& + (1 - c )I dn ) 1/2 l D u, (6 + (1 - c e )I dn ) 1/2 lDv) L2{dn . dn - lu!) 

-('i--ce)(lDU,^Dv) L 2 {dn . d n-i ul) , u,veH 1 (fl), (2.74) 

(cf. (B.31), (B.32)), and notice that the last form on the right-hand side of (2.74) is nonclosable in 
L 2 (f2; d n x) since jd is nonclosable as an operator defined on a dense subspace from L 2 (ft; d n x) into 
L 2 (dft; d n ~ x u) (cf. the discussion in connection with (B.44)). 

To deal with this noncloseability issue, we now split off the last form on the right-hand side of 
(2.74) and hence introduce 

b_ Aen (ll,v) = (Vtt,Vw) 1 2( fl . (i » I )» 

+ ((9 + (1 - c e )I dn ) 1 ' 2 lD u 1 (6 + (1 - c e )I dn ) ll2 iDv) L2(9f2;d „- M 

+ d b (u,v) L 2 {Q . d n x) , u^eH 1 ^), (2.75) 

for db > 0. Then due to the nonnegativity of the second form on the right-hand side in (2.75), 
b-A 0t n is i? 1 (ri)-coercive, that is, for some C\ > 0, 

b- Aen (u,u) ^ ci\\u\\ 2 H i {n) , (2.76) 

where \\u\\ 2 H1{Q) = || Vu\\ 2 L 2 {n . d n x)n + \W\\ 2 L 2 (n . dnx y Next, we note that by (2.73), 

((6 + (1 - c )I dn ) 1/2 jDU, (6 + (1 - c e )W /2 7i^) i2(a ^„- M | (2.77) 

< || (0 + (1 - c e )Ion) 1/2 lD ||B (ff i(fi), L 2 (an . d „- M) \\u\\ H i(n) \\v\\ H nn) , «, « G iJ^ft). 
Since trivially, || Vu||| 2(a . dt » x) + d b || 

u 1 1 i 2 ^ c II m IIh 1 (^) ^ 0r some c > 0, one infers that fo-Ae,s2 

is also i? 1 (fi)-bounded, that is, for some c 2 > 0, 

b- Ae Ju,u) ^c 2 \\u\\ 2 Hl{ny (2.78) 

Thus, the symmetric form 6_a s « is -f? 1 (ft)-bounded and i? 1 (ri)-coercive and hence densely defined 
and closed in L 2 (ft; d n x) x L 2 (ft; d n x) by the discussion following (B.46). 

To deal with the nonclosable form (jdu, r )Dv)L 2 (dvt-.d ri - 1 ixj)-, u i v £ H (Q,), it suffices to note that 
by Lemma 2.5 this form is infinitesimally bounded with respect to the Neumann Laplacian form 
a_A 0>S! on H 1 (ft) x H 1 (O), and since the form ((6 + 1 - c e ) 1/2 j D u, (6 + 1 - c e ) 1/2 jDv) L 2 (an . d „-i w) , 
u, v E 1 (SI) , is nonnegative, the form {"fDU 1 "iDv)L 2 (dn-,d n - 1 ^) is also infinitesimally bounded with 
respect to the form &-a q n- By the discussion in connection with (B.48), (B.49), the form &-a s n 
(possibly shifted by an irrelevant real constant) defined on iJ 1 (SI) x iJ 1 (Sl), is thus densely defined 
in L 2 (ft;cPx) x L? (ft; d n x) , bounded from below, and closed. 

According to (B.34) we thus introduce the operator — Ae,n in L 2 (ft;ePx) by 

dom(— Ae,o) = |t)£ if 1 (ft) there exists an w v E L 2 (Q;d n x) such that 

J d n xVw'Vv + (■y D w,Q'j D v) 1/2 = J d n xww v for all to e if 1 (ft) j, 
-A e ,ow = w«, u 6 dom(-A e ,si). (2.79) 
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By the formalism displayed in (B.20)-(B.43) (cf., in particular (B.27)), —Ae,n is self-adjoint in 
L 2 (Sl;d n x) and (2.70) holds. We recall that 

H^(Q) = {u G H 1 ^) | lD u = on dQ}. (2.80) 

Taking v G C5 (fi) ff^(fi) ^ ^(O), one concludes 

/ rf"a;iJi«„ = - / d n xvAu for all u G C °°(r2), and hence = -Au in P'(fi), (2.81) 
Jn Jn 

with D'(fi) = Cq°(CI)' the space of distributions in 0. 

Next, we suppose that u G dom(-Ae iQ ) and v G ff^Q). We recall that lD : H\n) -> H^ 2 (dn) 

and compute 

/ d n xVvVu = — I d n xv Au + (jdv, 7jvit)i/2 

= ^ d n xvw u + ("Idv, (jn + 07u)m) 1/2 - (7r> u > ®7-D u ) 1/2 

= ftWV« + (7^, (7at + Oi D )u) 1/2 , (2.82) 

where we used the second line in (2.79). Hence, 

(lDV,^f N + ®1d)u) 1/2 = 0. (2.83) 

Since v G J ff 1 (Sl) is arbitrary, and the map 7d : i? 1 (fi) — > _ff 1 / 2 (9il) is actually onto, one concludes 
that 

(tat + &1d)u = in H-^ 2 {dn). (2.84) 

Thus, 

dom(-A e ,o) C{«£ tf^Q) I Av G L 2 (ft; <Tx); (7^ + Ojd)v = in ff- 1/2 (<90)}. (2.85) 

Finally, assume that u G {v G i? 1 ^) | Aw G L 2 (f2;cPa;); (7^ + <5>7_d)v = 0}, w G and let 

w u = -Au G L 2 (n;d n x). Then, 

/ d n xww u = - I d n xwdiv(\7u) 
Jn Jn 

= / rf"iVwVM-(7 D w,7jvii)i/ 2 

JO 

= / d n xV^Vu + ( lD w,Q lD u) (2.86) 

Thus, applying (2.79), one concludes that u G dom(— Ae.n) an d hence 

dom(-A e ,n) H 1 ^) \ Av G L 2 (Q;d n x); (j N + e"f D )v = in H- 1/2 (dQ)}, (2.87) 

finishing the proof of Theorem 2.6. □ 

Corollary 2.7. Assume Hypothesis 2.2. TTien the generalized Robin Laplacian, — Ae,n, has purely 
discrete spectrum bounded from below, in particular, 

<W-Ae,n) = 0. (2.88) 

Proof. Since dom(| - A e ,n| 1/2 ) = H 1 ^), by (2.70), and H 1 ^) embeds compactly into L 2 (fl;d n x) 
(cf., e.g., [37, Theorem V.4.17]), one infers that (-A e ^+ 1^)- 1 / 2 G B oo {L 2 {0,\ d n xj). Consequently, 
one obtains 

(-A e ,n + In)' 1 G £co(£ 2 (^; efV)), (2.89) 
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which is equivalent to (2.88). □ 

The important special case where 8 corresponds to the operator of multiplication by a real-valued, 
essentially bounded function 9 leads to Robin boundary conditions we discuss next: 

Corollary 2.8. In addition to Hypothesis 2.1, assume that is the operator of multiplication in 
L 2 (d£l;d n ~ l bj) by the real-valued function 9 satisfying 9 G L°° (dfl; d n u>) . Then O satisfies the 
conditions in Hypothesis 2.2 resulting in the self-adjoint and bounded from below Laplacian —Aq^q 
in L 2 (fl;d n x) with Robin boundary conditions on dfl in (2.69) given by 

(jn + 9 lD )u = in H- 1/2 (dn). (2.90) 

Proof. By Lemma 2.5, the sesquilinear form 

(7du,07d«>i/2, u.ueff^fl), (2.91) 

is infinitcsimally form bounded with respect to the Neumann Laplacian form a_A n ■ By (B.48) and 
(B.49) this in turn proves that the form a_A e ,n m (2-71) is closed and one can now follow the proof 
of Theorem 2.6 from (2.79) on, step by step. □ 

Remark 2.9. (i) In the case of a smooth boundary dQ, the boundary conditions in (2.90) arc 
also called "classical" boundary conditions (cf., e.g., [91]); in the more general case of bounded 
Lipschitz domains we also refer to [6] and [102, Ch. 4] in this context. Next, we point out that, 
in [62], the authors have dealt with the case of Laplace operators in bounded Lipschitz domains, 
equipped with local boundary conditions of Robin-type, with boundary data in L p (dfl; d n ~ 1 uj), and 
produced nontangential maximal function estimates. For the case p — 2, when our setting agrees 
with that of [62], some of our results in this section and the following are a refinement of those in [62]. 
Maximal L p -regularity and analytic contraction semigroups of Dirichlet and Neumann Laplacians on 
bounded Lipschitz domains were studied in [106]. Holomorphic Co-semigroups of the Laplacian with 
Robin boundary conditions on bounded Lipschitz domains have been discussed in [103]. Moreover, 
Robin boundary conditions for elliptic boundary value problems on arbitrary open domains were 
first studied by Maz'ya [67], [68, Sect. 4.11.6], and subsequently in [29] (see also [30] which treats 
the case of the Laplacian). In addition, Robin- type boundary conditions involving measures on the 
boundary for very general domains Q were intensively discussed in terms of quadratic forms and 
capacity methods in the literature, and we refer, for instance, to [6], [7], [17], [102], and the references 
therein. 

(ii) In the special case 9 = (resp., 9 = 0), that is, in the case of the Neumann Laplacian, we will 
also use the notation 

- A Nt n = -A , n . (2.92) 

The case of the Dirichlet Laplacian —A d ^q associated with f2 formally corresponds to 6 = oo 
and so we isolate it in the next result: 

Theorem 2.10. Assume Hypothesis 2.1. Then the Dirichlet Laplacian, —A D ^, defined by 
-A D , n = -A, dom(-A 2J)f2 ) = {u e H 1 ^) | Am e L 2 (Q; d n x); lD u = m H 1 ^ 2 (dQ)} 

= {u g H^(fl) | Au e L 2 (n ; d n x)}, (2.93) 
is self-adjoint and strictly positive in L 2 (il;d n x). Moreover, 

dom((-A AO ) 1/2 ) (2-94) 
Proof. We introduce the sesquilinear form a D ^( • , • ) on the domain Hq(Q) x Hq(Q) by 

a D ,n(u,v)= [ d n x (Vtt)(x) {Vv){x), u, v e H%(Q). (2.95) 
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Clearly, cldsi is symmetric, nonnegative, and well-defined on Hq(Q) x Hq(Q). Since f2 is bounded, 
that is, |fi| < co, i?g (ri)-coercivity of aD,n then immediately follows from Poincare's inequality for 
i? 1 (O)-functions (cf., e.g., [105, Theorem' 1.7.6]). 

Next we introduce the operator — A^n in L 2 (Q; d n x) by 



dom(-A D , n )= ^veH^fl) 



there exists an w v G L (O; d n x) such that 

d n xVw\7v = I d n xww v for all w G H^(Q) 1, 
! Jn J 

-A Di qu = w u , u G dom(-A Di n). (2.96) 

By the formalism displayed in (B.1)-(B.19), — A/^q is self-adjoint in L 2 (Q;d n x) and (2.94) holds. 
Taking i> G Co°(n) ^ #o(^)> onc concludes 

/ d n xvw u = - / d n xvAu in D'(O) and hence w u = -Au in X>'(fi). (2.97) 

Since v G i^(fi) if and only if v G H 1 ^) and 7d w = in H 1 / 2 ^) (cf, e.g., [48, Corollary 
1.5.1.6 ]), and v G dom(— An,n) implies Av G L 2 (Q;d n x), one computes for u G dom(— A^n) and 
v G that 

/ d"a:WVit=- I d n xvAu = I d n xvw u . (2.98) 
Jn Jn Jn 

Thus, w u = —Au G L 2 (f2; d n x) and hence 

dom(-A AO ) C{«£ Hq(CI) I Aw G L 2 (ft; d n x)}. (2.99) 

Finally, assume that u G {t> G Hq(SI) \ Av G L 2 (0; d n x)} , to G i?o(fl), and lct w u = -Aw G 
L 2 (n;d n x). Then, 

/* ftw„=- f d n xwdiv(Vu) = [ d n x\hv~Vu, (2.100) 
Jn Jn Jn 

since 7£>w = in L 2 (dfl; d n ^ 1 uj). Thus, applying (2.96), one concludes that u G dom(— Afl^) and 

hence 

dom(-A D>n ) fl^fi) | Av G L 2 (tt; efa:)}, (2.101) 

finishing the proof of Theorem 2.10. □ 

Since f2 is open and bounded, it is well-known that —Ao,n has purely discrete spectrum contained 
in (0, co), in particular, 

<7ess(-A D ,n) = (2.102) 
(this follows from (2.94) since Hq(Q) embeds compactly into L 2 (Q;d n x); the latter fact holds for 
arbitrary open, bounded sets SI C K™, cf, e.g., [37, Theorem V.4.18]). 

While the principal objective of this paper was to prove the results in this section and the subse- 
quent for minimally smooth domains SI, it is of interest to study similar problems when Hypothesis 
2.1 is further strengthen to: 

Hypothesis 2.11. Let n G N, n > 2, and assume that C M™ is a bounded domain of class C 1,r 
for some 1/2 < r < 1. 

We refer to Appendix A for some details on C^-domains. 
Correspondingly, the natural strengthening of Hypothesis 2.2 reads: 

Hypothesis 2.12. In addition to Hypothesis 2.2 and 2.11 assume that 

e g B oc (H 3 / 2 (dn),H 1 / 2 (dn)). (2.103) 
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We note that a sufficient condition for (2.103) to hold is 

e B(H 3 ^- E (dn), H^ 2 (dn)) for sonic e > 0. (2.104) 

Notational comment. To avoid introducing an additional sub- or superscript into our notation 
of -Ae.sj and — An t Q, we will use the same symbol for these operators irrespective of whether the 
pair of Hypothesis 2.1 and 2.2 or the pair of Hypothesis 2.11 and 2.12 is involved. Our results will 
be carefully stated so that it is always evident which set of hypotheses is used. 

Next, we discuss certain regularity results for fractional powers of the resolvents of the Dirichlct 
and Robin Laplacians, first in Lipschitz then in smoother domains. 

Lemma 2.13. Assume Hypothesis 2.1 in connection with — A^q and Hypothesis 2.2 in connection 
with — A e ,o- Then the following boundedness properties hold for all q £ [0, 1] and z £ C\[0, oo), 

(-A Dttl - zln)- q/2 , (-Ae,n - zInT q/2 £ B{L 2 (n ; d n x),Hi(Cl)). (2.105) 

The fractional powers in (2.105) (and in subsequent analogous cases) are defined via the functional 
calculus implied by the spectral theorem for self-adjoint operators. As discussed in [43, Lemma A. 2] 
in the closely related situation of Lemma 2.14, the key ingredients in proving Lemma 2.13 are the 
inclusions 

dom(-A AO ) C H\n), dom(-A ,n) c H^Q) (2.106) 
and real interpolation methods. The above results should be compared with its analogue for smoother 
domains. Specifically, we have: 

Lemma 2.14. Assume Hypothesis 2.11 in connection with -Ajj.jj and Hypothesis 2.12 in connec- 
tion with —A@ t Q. Then the following boundedness properties hold for all q £ [0, 1] and z £ C\[0, oo), 

(—Ad,q — zIq)~ q , (-A e ,n - zl n y q £ B(L 2 (n;d n x),H 2c >(n)). (2.107) 

As explained in [43, Lemma A. 2], the key ingredients in proving Lemma 2.14 are the inclusions 

dom(-A AO ) C H 2 (n), dom(-A e ,fi) C H 2 (n) (2.108) 

and real interpolation methods. 

Moving on, we now consider mapping properties of powers of the resolvents of generalized Robin 
Laplacians multiplied (to the left) by the Dirichlet boundary trace operator: 

Lemma 2.15. Assume Hypothesis 2.1 and let e > 0, z £ C\[0, oo). Then, 

j D (-A @ ,n - zl n y {1+e)/4 £ B(L 2 (^,d n x),L 2 (dQ;d n - 1 uj)). (2.109) 

As in [43, Lemma 6.9], Lemma 2.15 follows from Lemma 2.13 and from (2.7) and (2.38). Once 
again, we wish to contrast this with the corresponding result for smoother domains, recorded below. 

Lemma 2.16. Assume Hypothesis 2.11 in connection with —Ajj q and Hypothesis 2.12 in connec- 
tion with — Aq ji, and let e > 0, z £ C\[0, oo). Then, 

j N (-A D , n - zI n )- {3+e)/ \ 7u(-Ae,o - zl n )- (1+£),i £ B(L 2 (n ; d n x), L 2 {dn- d^u;)). (2.110) 

As in [43, Lemma 6.9], Lemma 2.16 follows from Lemma 2.14 and from (2.7) and (2.38). In 
contrast to Lemma 2.16 under the stronger Hypothesis 2.12, we cannot obtain an analog of (2.110) 
for —Ad,q under the weaker Hypothesis 2.1. 

The analog of Theorem 2.6 for smoother domains reads as follows: 

Theorem 2.17. Assume Hypothesis 2.12. Then the generalized Robin Laplacian, —As,n, defined 
by 

- Ae.n = -A, dom(-A e ,fi) = {u £ H 2 (n) \ (j N + Qj D )u = 0m H 1/2 {dn)}, (2.111) 
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is self-adjoint and bounded from below in L 2 (ft; d" x) . Moreover, 

dom(| - A e ,o| 1/2 ) - H\Q). (2.112) 

Proof. We adapt the proof of [43, Lemma A.l], dealing with the special case of Neumann boundary 
conditions (i.e., in the case 9 = 0), to the present situation. For convenience of the reader we 
produce a complete proof below. 

By Theorem 2.6, the operator Te.fi m L 2 (£l; d n x), defined by 

T e ,n = - A, dom(T e ,n) = {u G if 1 (ft) | Au G L 2 (n-,d n x); (j N + e 7D )u = in H- 1 ' 2 ^)}, 

(2.113) 

is self-adjoint and bounded from below, and 

dom(|T e ,d 1/2 ) =H\Q) (2.114) 

holds. Thus, we need to prove that dom(Te,n) Q H 2 (Q). 

Consider u G dom(Te,a) and set / = — Au + u G L 2 (fl;d n x). Viewing / as an element in 
(i? 1 (il)) , the classical Lax-Milgram Lemma implies that u is the unique solution of the boundary- 
value problem 

{-A + I n )u = f ei 2 (n) - {H l (n))\ 

uGtf^ft), (2.115) 
(7jv + &Jd)u = 0. 
One convenient way to actually show that 

u G i? 2 (ft), (2.116) 

is to use layer potentials. Specifically let E n (z;x) be the fundamental solution of the Hclmholtz 
differential expression (—A — z) in W 1 , n G N, n > 2, that is, 

\i/A)^\x\/z^f- n)/2 H^_ 2)/2 (z^\x\), n > 2, z G C\{0}, 
E n (z;x) = I =±]n(\x\), n = 2, z = 0, (2.117) 

? — or M 2 ~ r \ n > 3, z = 0, 

V (n— 2)w„_i II' 

Im^ 1 / 2 ) > 0, x G M™\{0}. 

Here H$p( • ) denotes the Hankel function of the first kind with index v > (cf. [1, Sect. 9.1]). 
We also define the associated single layer potential 

{S z g)(x)= [ d n - 1 u{y)E n {z;x-y)g{y), x G ft, z G C, (2.118) 

JdQ. 

where g is an arbitrary measurable function on <9ft. As is well-known (the interested reader may 
consult, e.g., [73], [101] for jump relations in the context of Lipschitz domains), if 

(K*g)(x)=p.v. [ d n - 1 Lo(y)d^E n {z-x-y)g{y) 1 x G 9ft, z G C, (2.119) 

JdQ 

stands for the so-called adjoint double layer on <9ft, the following jump formula holds 

1nS z9 = {-\l m + Kf)g. (2.120) 

It should be noted that 

K* G B(L 2 {dVL- d^u)), z G C, (2.121) 
whenever ft is a bounded Lipschitz domain. Sec Lemma D.3. 
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Now, if we denote by w the convolution of / G L 2 (Q; d n x) with E n (—1; ■ ) in 0, then w G H 2 (Q) 
and the solution u of (2.115) is given by 

u = w + S-!g (2.122) 
for a suitably chosen function g on 9f2. Concretely, we shall then require that 

(jn + Oj D )S- ig = -(j N + 6 7 d)w, (2.123) 

or equivalently, 

+ Kt^g + ®i D S- ig = -{in + &7d)w e ff 1/2 (dft). (2.124) 

By hypothesis, 9 G £oo(# 3/2 (^), H^ 2 (dfl)) and hence 

Q-f D S-i G Soo(i? 1/2 (f7),i/ 1/2 (o>fi)) (2.125) 

as soon as one proves that <S_i satisfies 

5_i G B(H 1/2 (dn),H 2 (n)). (2.126) 

To prove this, as a preliminary step we note (cf. [74]) that 

5_i : H- S (dil) -» i?- s+3 / 2 (Q) (2.127) 

is well-defined and bounded for each s G [0, 1], even when f2 is only a bounded Lipschitz domain. 
For a fixed, arbitrary j G {l,...,n}, consider next the operator d Xj S-\ whose integral kernel is 
d Xj E n (-l;x -y) = -d yj E n (-l;x - y). We write 

n n d 

d vi = Vk{y)vk{y)d V] = u k(y) d , A + v 3 {y)v{y) ■ V y (2.128) 
fc=i fe=i k ' l[y) 

where the tangential derivative operators d/drtj = Vkdj — Vjdk, j,k — l,...,n, satisfy (A. 17). 
Using the boundary integration by parts formula (A. 24) it follows that 

d j S- 1 h = V_ 1 (v j h)+ h G ff 1/2 (dO), (2.129) 

^1 V dnj J 

where, for z G C, 

V z h(x)= f cr- 1 u{y)v{y)-V y [E n (z;x-y)]h{y), xefl, (2.130) 
Jan 

is the so-called (acoustic) double layer potential operator. Its mappings properties on the scale of 
Sobolev spaces have been analyzed in [74] and we note here that 

£>_i : H s (dfl) -» H s+1 ' 2 {n) 1 < s < 1, (2.131) 

requires only that is Lipschitz. Assuming that multiplication by (the components of) v preserves 
the space H 1 ^ 2 (dn) (which is the case if, e.g., f2 is of class C 1 ' 1 * for some (1/2) < r < 1; cf. Lemma 
A. 5), the desired conclusion about the operator (2.126) follows from (2.127), (2.129) and (2.131). 
Going further, from Theorem D.8 we know that 

K* x G B^iH 1 / 2 ^)), (2.132) 

so —jlen + + <d-f£)S-i is a Fredholm operator in i? 1 / 2 (9ri) with index zero. This finishes the 
proof of (2.116). Hence, the fact that dom(TQ,n) Q H 2 (Q) has been established. □ 
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Again we isolate the Neumann Laplacian —An,q, that is, the special case = in (2.111), under 
Hypothesis 2.11, 

- Ajv.n = -A, dom(-A JV ,n) = {u G H 2 (Q) | ^ N u = in H^ 2 (dn)}. (2.133) 

Similarly, one can now treat the case of the Dirichlet Laplacian. This has originally been done 
under more general conditions on ft (assuming the boundary of to be compact rather than f2 
bounded) in [43, Lemmas A.l]. For completeness we repeat the short argument below: 

Theorem 2.18. Assume Hypothesis 2.11. Then the Dirichlet Laplacian, — A^q, defined by 

- A Di q = -A, dom(-A An ) = {u e H 2 {Ci)\ lD u ^ m H 3 / 2 (dn)} , (2.134) 
is self-adjoint and strictly positive in L 2 (Q;d n x). Moreover, 

dom((-A A n) 1/2 ) (2.135) 

Proof. For convenience of the reader we reproduce the short proof of [43, Lemma A.l] in the special 
case of Dirichlet boundary conditions, given the proof of Theorem 2.17. 
By Theorem 2.10, the operator Tdq in L 2 (fl; d n x), defined by 

T Di n = -A, dom(T AO ) = {u G Hq(Q) | Au G L 2 {Q.;d n x); - fD u = in L 2 («90; d 71 ' 1 ^)} , (2.136) 

is self-adjoint and strictly positive, and 

dom((T AO ) 1/2 ) = H%(Sl) (2.137) 

holds. Thus, wc need to prove that dom(T Dj o) C H 2 (fl). To achieve this, we follow the proof of 
Theorem 2.17, starting with the same representation (2.122). This time, the requirement on g is 
that jE/S-ig = h = jdw G H 3 / 2 (dQ). Thus, it suffices to know that 

7/35-1 : H 1/2 {dn) H 3/2 (dn) (2.138) 

is an isomorphism. When dfl is of class C°°, it has been proved in [97, Proposition 7.9] that 
7£)>S-i : H s (dil) —> H s+1 (dil) is an isomorphism for each s G K and, if £1 is of class C n ' r with 
(1/2) < r < 1, the validity range of this result is limited to —1 — r < s < r, which covers (2.138). 
The latter fact follows from an inspection of Taylor's original proof of [97, Proposition 7.9]. Here 
we just note that the only significant difference is that if dfi is of class C 1,r (instead of class C°°), 
then S is a pseudodiffcrential operator whose symbol exhibits a limited amount of regularity in the 
space-variable. Such classes of operators have been studied in, e.g., [73], [96, Chs. 1, 2]. □ 

Remark 2.19. We emphasize that all results in this section extend to closed Schrodinger operators 

H @ ,n = -A e ,n + V, dom(tf e ,n) = dom( - A e ,n) (2.139) 

for (not necessarily real- valued) potentials V satisfying V G L°°(£l; d n x), consistently replacing — A 
by — A + V, etc. More generally, all results extend to Kato Rcllich bounded potentials V relative to 
— Ae,o with bound less than one. Extensions to potentials permitting stronger local singularities, 
and an extensions to (not necessarily bounded) Lipschitz domains with compact boundary, will be 
pursued elsewhere. 

3. Generalized Robin and Dirichlet Boundary Value Problems 
and robin-to-dlrichlet and dlrichlet-to-robin maps 

This section is devoted to generalized Robin and Dirichlet boundary value problems associated 
with the Hclmholtz differential expression —A — z in connection with the open set fl. In addition, 
we provide a detailed discussion of Robin-to-Dirichlet maps, Mq D n , in L 2 (dVt\ gP -1 ^). 

In this section we strengthen Hypothesis 2.2 by adding assumption (3.1) below: 
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Hypothesis 3.1. In addition to Hypothesis 2.2 suppose that 

e GB <x (H 1 (dn),L 2 (dn;d n - 1 w)). (3.1) 

We note that (3.1) is satisfied whenever there exists some e > such that 

e e B(H 1 -%dn),L 2 (dn;d n - 1 Lj)). (3.2) 

We recall the definition of the weak Neumann trace operator 7^ in (2.40), (2.41) and start with 
the Helmholtz Robin boundary value problems: 

Theorem 3.2. Assume Hypothesis 3.1 and suppose that z £ C\cr(— Ae,n)- Then for every g £ 
L 2 (dCi; d 11 ^ 1 ^), the following generalized Robin boundary value problem, 



\ (-A - z)u = in n, u £ H 3 / 2 (n), 
\ (lN + ®1d)u = g on dfl, 

has a unique solution u — us- This solution u& satisfies 



j D u @ £ H^dQ), 7jvU0 £ L 2 (dn;d 



"n—1 



(3.3) 



(3.4) 



Hl-DWelliji^Q) + ||7Ar«e||i,2(8n;dn-i w ),< C||g|| L 2 (90;d „-i w ) 
and 

ll'"e||j^3/2 ( ^ ) < C||g|| L 2 (an . d „-i (i) ), (3.5) 
for some constant constant C = C(0, fi, z) > 0. Finally, 

[M-^n-zIn)- 1 ]* G ^(^(ar!;^- 1 ^),^ 3 /^^)), (3.6) 

and i/ie solution u@ is given by the formula 

ue = (7D(-A e ,n -z/n) -1 )*^ (3.7) 

Proof. It is clear from Lemma 2.3 and Lemma 2.4 that the boundary value problem (3.3) has a 
meaningful formulation and that any solution satisfies the first line in (3.4). Uniqueness for (3.3) is 
an immediate consequence of the fact that z £ C\er(— Ae,n). As for existence, as in the proof of 
Theorem 2.17, we look for a candidate expressed as 

u(x) = (S z h)(x), xeil (3.8) 

for some h £ L 2 (d£l; d 11 ' 1 uj) . This ensures that u £ iJ 3 / 2 (£!) and (-A - z)u = in il. Above, the 
single layer potential S z has been defined in (2.118). The boundary condition 0~}n + G>7_d)m = g on 
<9£1 is then equivalent to 

(lN + e>l D )(S z h) =g, (3.9) 

respectively, to 

{-\l d n + Kf)h + @ lD S z h = g. (3.10) 

Here Kf has been defined in (2.119). 

To obtain unique solvability of (3.10) for h £ L 2 (dfl; d™^ 1 ^), given g £ L 2 (<9£1; d" -1 ^), at least 
when z £ C\D, where D C C is a discrete set, we proceed in a series of steps. The first step is to 
observe that the operator in question is Frcdholm with index zero for every z £ C. To see this, we 
decompose 

(-£j 8n + Kf) = + K*) + [K* - K*), (3.11) 

and recall that [Kf - K*) £ B 00 {L 2 {dn-, d"" 1 ^) (cf. Lemma D.3) and that -\l d n + K* is a 
Frcdholm operator in L 2 (dfl; d n_1 w) with Fredholm index equal to zero as proven by Verchota [101]. 
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In addition, we note that QjdS z £ Boo(L 2 (dtt; d n 1 oj)) which follows from Hypothesis 3.1 and the 
fact that the following operators are bounded 

S z : L 2 (dfl; d n - X Lo) -f {u £ H 3 / 2 (Q) \ Au £ L 2 (fl; d n x)}, 

lD -{u£ H 3 / 2 (Q) | Au £ L 2 (fl; d n x)} -► H\dCl), 

(where the space {u £ H Z / 2 {Q) \ Au £ L 2 {£l;d n x)} is equipped with the natural graph norm u ^ 
\\ u \\m/ 2 (Q) + \\^ u \\L 2 (Q:d"x))- See Lemma 2.3 and Theorem D.7. Thus, {-\ldn + Kf ) + Q^dS z 
is a Frcdholm operator in L 2 (dVl\d n ^ 1 uj) with Fredholm index equal to zero, for every z £ C. In 
particular, it is invertible if and only if it is injcctive. 

In the second step, we study the injectivity of (— \lea. + Kf} + <dj D S z on L 2 (dQ; d n ~ 1 uj). For 
this purpose we now suppose that 

{-\l d n + K*)k + Q lD S z k = Q for some k £ L 2 (dQ; d n ^ 1 uj). (3.13) 
Introducing w = S z k in Q one then infers that w satisfies 

f (-A -z)w = in Q, w£ H^ 2 (Q), 
1 ("fN + 0"/d)w = on dfl. 

Thus one obtains, 

< [ d n x \Ww\ 2 = V / d n xWfwd jW = - [ (TiSJtc + V f cT^uj (j D d~^) v^ D w 
Jn - =1 Jn Jn - =1 Jon 

= z d n x\w\ 2 + (•yDW, : y N w) L 2( d n;d»-i-w) =z d n x\w\ 2 + ("/ D w,j N w) 1/2 
Jn Jn 

= z [ d n x\w\ 2 -( lD w,Q lD w) 1/r (3.15) 
Jn 1 

At this point we will first consider the case when z £ C\R (so that, in particular, Im(z) ^ 0). In 

this scenario, recalling (2.1) and taking the imaginary parts of the two most extreme sides of (3.15) 

imply that J n d n x \w\ 2 = and, hence, w = in O. 

To continue, let 7|f* and 7ff* denote, respectively, the Neumann and Dirichlet traces for the 

exterior domain R n \f2. Also, parallel to (2.118), set 



(S ext , z g)(x) = d n - 1 cj(y)E n (z;x-y)g(y), x£R n \n,z£C, (3.16) 
Jon 

where g is an arbitrary measurable function on <9£1. Then, due to the weak singularity in the integral 
kernel of S z , 

lD S z g = i&S^g for every g £ L 2 (dn ; d^uj), (3.17) 
whereas the counterpart of (2.120) becomes 

lTSe X t, z g = (pan + K#)g for every g £ L 2 (dil; d n ~ l w). (3.18) 

Compared with (2.120), the change in sign is due to the fact that the outward unit normal to R"\f] 
is — v. 

Moving on, if we set w ext (x) = (S ext , z k)(x) for x £ R"\0, then from what we have proved so far 

= lD w = lD S z k = 7 |fw ea:t in L 2 (dil; d n ^uj). (3.19) 

Fix now a sufficiently large R > such that f2 C B(0; R) and write the analogue of (3.15) for the 
restriction of w ext to B(0; R)\U: 

[ _d n x\Vw ext \ 2 = z [ _d n x\w ext \ 2 - {l e ^ t w ext ^ t w ext ) l/2 

JB(0;R)\Q JB(0;fl)\n 
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d"" 1 ^) w &xt (0Si ■ Vw ext (t)- (3-20) 
>\(\=R 141 

In view of (3.19), the above identity reduces to 

/ _d n x\Vw ext \ 2 = z [ _d n x\w ext \ 2 - [ (f- 1 w(0iu e!rt (0|lr • Vw ea:t (0- (3.21) 

Recall that we are assuming z G C\R. Given that, by (C.17) (and the comment following right 
after it), the integral kernel of S ext , z k has exponential decay at infinity, it follows that w ext decays 
exponentially at infinity. Thus, after passing to limit R — > oo, we arrive at 

_d n x\Ww ext \ 2 = z f _d n x\w ext \ 2 . (3.22) 

Consequently, taking the imaginary parts of both sides we arrive at the conclusion that w ext — in 
R"\Q. With this in hand, we may then invoke (2.120), (3.18) to deduce that 

k = iTS z k - ^ N S z k = j e N xt w ext - j N w = 0, (3.23) 

given that w, w ext vanish in £1 and R™\Q, respectively. Hence, k = in L 2 (<9£1; eP -1 ^). This proves 
that the operator (— \len + Kf) +67d«S 2 is injective, hence, invertible on L 2 (<9f2; cZ n_1 w) whenever 
z G C\R. 

In the third step, the goal is to extend this result to other values of the parameter z. To this end, 
fix some zo G C\R, and for z G C, consider 

A z = [(-\l d n + Kg) + Q lD S Za ]- l [(K# - K#) + Q lD (S z S Zo )]. (3.24) 

Observe that the operator-valued mapping z ^ A z G B(L 2 (d£l] d" _1 a))) is analytic and, thanks to 
Lemma D.3, A z G B 00 (L 2 (d^}; eP -1 ^)). The analytic Frcdholm theorem then yields invertibility of 
I + A z except for z in a discrete set DcC. Thus, 

(-|/on + Kf) + Q lD S z = [(-|J an + K*) + 0~f D S Za }[I + A z ] (3.25) 

is invertible for z G C\D where D is a discrete set which, by the invertibility result proved in the 
previous paragraph, is contained in R. 

The above argument proves unique solvability of (3.3) for z G C\D, where I? is a discrete subset 
of R. The representation (3.8) and the fact that jdS z : L 2 (dfl; d" _1 cj) — ► H 1 (dfl) boundedly then 
yields -f D u G H^dfl). Moreover, by (2.120) and (3.8), 

1NU& = ^ N S z h = (-|/an + K*)h G L 2 (dn ; d^w) (3.26) 

since by (2.121), Kf G B(L 2 (dfl; d^uj)) . This proves (3.4) when z G C\D. For z G C\D, the 
natural estimate (3.5) is a consequence of the integral representation formula (3.8) and (D.28). 

Next, fix a complex number z G C\(DUa(— A e ,o)) along with two functions, v G L 2 (il; d n x) and 
g G L 2 (dQ; d n ~ 1 uj). Also, let uq solve (3.3). One computes 

( u ®> v )mn:d^) = («e,(-A-z)(-Ae,o-^)- 1 «) L2(a . d „ ;E) 
= ((-A - z)ue, (-A e ,n - zln)'^) L2(n . d „ x) 
+ (i N u e ,-f D (-A e ^ -zln)-^) L2{dn , dn _ lbj) 

- (idus,Jn( - A e ,n -z-fa) lw ) 1/2 
= (7vue,7D(-Aej2 - z/f2) _1 «) i2(ao . d „- lw) 
+ (7z5 u e,07n(-A e ,n - zIq)~ 1 v) 1/2 
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= ('jNUe,jD(-Ae,n — zln^v) 



+ (7d(- Ae,n - zln) 1 v,Bj D u e ) 1/2 
= (7NU @ ,nf D (-A @} n -zln)-^) L2{aQ . dn _ lu) 

+ (©7DMe,7r>(-Ae,n - zI n )~ 1 v) 1/2 
= ((in + ©7r>)we,7r>(-Ae,fi - zIq)~ 1 v) 1/2 
= ((^n + e lD )uen D (-&e,n -zln^v) L2(gn . dn _ loj) 
= (.9,7D(-A e ,o - z/o) _1 «) L2(90;d „_ lw) 

= ((^(-Aan-^)- 1 )*^),,,^). (3-27) 
Since v G L 2 (0; cPrr) was arbitrary, this yields 

we - (jDi-Aes-i-zInyYa in £ 2 (f7; cTx), for z e C\(D U <7(-A e ,fi)), (3.28) 

which proves (3.7) for z G C\(£) U cr(— Ae.n)). From this and (3.5), the membership (3.6) also 
follows when z G C\(D U o-(-Ae.fi)). 

The extension to the more general case when z G C\cr(— Ae,n) is then done by resorting to 
analytic continuation with respect to z. More specifically, fix z G C\<r(Ae,n)- Then there exists 
r > such that 



(B(z ,r)\{z a }) (ID ^9, %,r)n<7(-A 6 , fi ) = i, (3.29) 
since -D is discrete and cr(— Ae.n) is closed. We may then write 

^(-Ae^-^)- 1 ]^-^/ dz(z-z )- 1 [7D(-Ae,o-^o)" 1 ]* (3.30) 

2? ™ Jc(z ;r) 

as operators in Z?(i7 _1 / 2 (90), L 2 (Q; d n x)), where C(zo; r) C C denotes the counterclockwise oriented 
circle with center zo and radius r. (This follows from dualizing the fact 7d(— Ae.n — ^o/si) -1 G 
Z?(L 2 (£1; cPrr), i? 1 ' 2 (9fi)), which in turn follows from the mapping properties (— Ae,n — ^o-fo) -1 G 
B(L 2 {n;d n x),H 1 (dn)) and 7D G B(H 1 {dn),H 1 / 2 (dVL)).) However, granted (3.29), what we have 
shown so far yields that [7£>(-A e ,n _ ^n) -1 ]* £ B(L 2 (dil; d n_1 w), H Z I 2 {£1)) whenever |z-z | = r, 
with a bound 

||[7£>(-A e ,fi -^2) _1 ]*llB(L2(ao;d"-i^),_f/-V2(o)) < C= C(fi, 6,z ,r) (3.31) 

independent of the complex parameter z G dB(zo,r). This estimate and Cauchy's representation 
formula (3.30) then imply that [7zj(-A e ,fi - z^n)" 1 ]* G B(L 2 (dri; d^oj), H^ 2 (n)). This further 
entails that u = [ 7 d(— Ae.fi — ~)hi)^ 1 ]* g solves (3.3), written with zq in place of z, and satisfies 
(3.5). Finally, the memberships in (3.4) (along with naturally accompanying estimates) follow from 
Lemma 2.3 and Lemma 2.4. This shows that (3.6), along with the well-posedness of (3.3) and all 
the desired properties of the solution, hold whenever z G C\cr(Ae,n)- □ 

The special case = of Theorem 3.2, corresponding to the Neumann Laplacian, deserves to be 
mentioned separately. 

Corollary 3.3. Assume Hypothesis 2.1 and suppose that z G C\<r(— Ajv.n)- Then for every g G 
L 2 (dtt; gP -1 ^), the following Neumann boundary value problem, 

f (-A -z)u = 0tnn, u G H*/ 2 (n), 
I 7 AfU — g on dfl, 
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has a unique solution u = un- This solution un satisfies 

■y D u N £ ^(dfl) and \\jDU N \\H^dQ) + \\lNU N \\L^(dQ ; dn-^) < C\\g\\ L 2^ dn . d n-i^ (3.33) 
as well as 

ll u Jv||jf3/2 (n) < C\\g\\ L 2^ d Q. d n-l u ), (3.34) 
for some constant constant C = C(Q, 0, z) > 0. Finally, 

[M-^n-zIn)- 1 ]* G B(L 2 (dQ.\ cf 1-1 ^), iJ 3 / 2 (Q)) , (3.35) 

and i/ie solution un is given by the formula 

ue = (7r>(-Ajv,n - zln) -1 ) V (3.36) 

Next, we turn to the Dirichlet case originally treated in [46, Theorem 3.1] but under stronger 
regularity conditions on 0. In order to facilitate the subsequent considerations, we isolate a useful 
technical result in the lemma below. 

Lemma 3.4. Assume Hypothesis 2.1 and suppose that z £ C\er(— A^.n)- Then 

(-A Dt a -zl n )~ l :L 2 {n-d n x) -» {u £ H 3 ' 2 (n)\Au £ L 2 {VL;d n x)} (3.37) 

is a well-defined bounded operator, where the space {u £ H 3 / 2 (fl)\Au £ L 2 (fl;d n x)} is equipped 
with the natural graph norm u ^ \\u\\ H3 /2^ + ||Au|| I ,2(Q. d n x ). 

Proof. Consider z £ C\a(— Ad,q), f £ L 2 (Q;d n x) and set w = (—Ad,q — zIq)^ 1 f- It follows that 
u is the unique solution of the problem 

(-A - z)w = f in Q, w£ H£(Q). (3.38) 

The strategy is to devise an alternative representation for w from which it is clear that w has the 
claimed regularity in fi. To this end, let / denote the extension of / by zero to R" and denote by 
E the operator of convolution by E n (z; ■). Since the latter is smoothing of order 2, it follows that 
v = (Ef)\ n £ H 2 (Q) and (-A - z)v = f in 0. In particular, g = -j D v £ H^Otl). 
We now claim that the problem 

(-A - z)u = in n, u £ H 3/2 (Q), lD u = g on dtl, (3.39) 

has a solution (satisfying natural estimates). To see this, we look for a solution in the form (3.8) for 
some h £ L 2 (dVL; d" -1 ^). This guarantees that u £ H 3 / 2 (fl) by Theorem D.7, and (-A - z)u = in 
fl. Ensuring that the boundary condition holds comes down to solving -fDS z h = g. In this regard, 
we recall that 

j D S : L 2 (dfl; d^uj) -> H\d{l) is invertible (3.40) 

(cf. [101]). With this in hand, by relying on Theorem D.7 and arguing as in the proof of Theorem 
3.2, one can show that there exists a discrete set D C C such that 

lD S z : L 2 (dVL- d^Lu) -» H\dn) is invertible for z £ C\D. (3.41) 
Thus, a solution of (3.39) is given by 

u = S*((7zjS*) _1 (7d«)) if z £ C\D. (3.42) 
Moreover, by Theorem D.7, this satisfies 

\H\m/2(a) <C(n,z)\\g\\ m{dn) <C(n,z)\\f\\ L 2 {Q . d n x) , z£C\D. (3.43) 

Consequently, if z £ C\(DUo~(— A^q)), then u + v solves (3.38). Hence, by uniqueness, w = u + v in 
this case. This shows that w = (-A^o-z/o) -1 / belongs to H 3 ^ 2 (fl) and satisfies Aw £ L 2 (Q; d n x) 
with 

||HI/f3/2 (a) + ||A«;|| L 2 ( n;d» x ) < C(fi, z)\\f\\ L 2 {Q . d n x) , z £ C\(D U (r(-A D ,n)). (3.44) 
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In summary, the above argument shows that the operator (3.37) is well-defined and bounded when- 
ever z G C\(.D U a(— Ad,(j)). The extension to z G C\cr(—AD,n) is then achieved via analytic 
continuation (as in the last part of the proof of Theorem 3.2). □ 

Having established Lemma 3.4, we can now readily prove the following result. 

Lemma 3.5. Assume Hypothesis 2.1 and suppose that z G C\<r(— A^.n)- Then 

7at(-A ao - zln)- 1 G B(L 2 {Q; d n x), L 2 (dO; d^uj)), (3.45) 

and 

fi N (-A Di n - zln)- 1 ]* GB(L 2 (dQ;d n - 1 u),L 2 (Q;d n x)). (3.46) 

Proof. Obviously, it suffices to only prove (3.45). However, this is an immediate consequence of 
Lemma 3.4 and Lemma 2.4. □ 

We note that Lemma 3.5 corrects an inaccuracy in the proof of [46, Theorem 3.1] in the following 
sense: The proof of (3.20) and (3.21) in [46] relies on [46, Lemma 2.4], which in turn requires 
the stronger assumptions [46, Hypothesis 2.1] on Q than merely the Lipschitz assumption on 0. 
However, the current Lemmas 2.15 and 3.5 (and the subsequent Theorem 3.6) show that (3.20) and 
(3.21) in [46], as well as the results stated in [46, Theorem 3.1], arc actually all correct. 

After this preamble, we are ready to state the result about the well-posedness of the Dirichlet 
problem, alluded to above. 

Theorem 3.6. Assume Hypothesis 2.1 and suppose that z G C\er(— Ad,q)- Then for every f G 
H 1 (dfl), the following Dirichlet boundary value problem, 

| (-A -z)u = 0mn, u G H 3 / 2 (fl), 
)"/ D u — f on Oil,, 

has a unique solution u — Ud- This solution ud satisfies 

j N u D G L 2 (dft;cT _1 w) and fyNU D \\L*(dii;d«- 1 u) < C D \\f\\m(dQ), (3-48) 
for some constant Co = Cd{Q, z) > 0. Moreover, 

IM| ff 3/2 (0) < C D \\f\\ H i {dn) . (3.49) 

Finally, 

[jNi-An^-zIn)- 1 ]* G B{H\dn),H*l 2 {n)), (3.50) 
and the solution up is given by the formula 

ud = -[lN(-A Dt n-zI n )- 1 ]*f. (3.51) 

Proof. Uniqueness for (3.47) is a direct consequence of the fact that z G C\ct(— Ad,q)- Existence, 
at least when z G C\D for a discrete set D C C, is implicit in the proof of Lemma 3.4 (cf. (3.39)). 
Note that a solution thus constructed obeys (3.49) and satisfies (3.48) (cf. Lemmas 2.3 and 2.4). 

Next, we turn to the proof of (3.51). Assume that z G C\(D U a(— A^^)) and denote by ud 
the unique solution of (3.47). Also, recall (3.45)-(3.46). Based on these and Green's formula, one 
computes 

(u D ,v) L 2 (n . dnx) = (u D ,(-A-z)(-A D j-i-zI n y 1 v) L 2 {n . dnx} 

= ((-A - z ) u d, (-A Dt n - zl n )~ l v) mn ; d~x) 
+ {inu d ,1d{-A ds -i -zI n y 1 v) L 2 (dn . dn -i uj) 

- (-fDUD,jN(-A Di n -zInY 1 v)i/ 2 
= -(.f,lN(-A D s2-zI n y 1 v) 1/2 
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= -{^ N {-^ D s,-zIn)- l TLv) L2{n . dnx) (3.52) 

for any v G L 2 (Q;d n x). This proves (3.51) with the operators involved understood in the sense of 
(3.46). Given (3.49), one obtains (3.50) granted that z G C\(D U a(-A Di n)). 

Finally, the extension of the above results to the more general case in which z G C\<r(— An,n) is 

done using analytic continuation, as in the last part of the proof of Theorem 3.2. □ 

Assuming Hypothesis 3.1, we now introduce the Dirichlet-to-Robin map Mjjg (z) associated 
with (—A — z) on CI, as follows, 

<.UW : 1 ; /- 1« / zeC\a(-A D , n ), (3.53) 

where ud is the unique solution of 

(-A -z)u = in fl, u G H 3/2 (n), Idu — f on dtt. (3.54) 

Continuing to assume Hypothesis 3.1, we next introduce the Robin-to-Dirichlet map Mg' D n (z) 
associated with (—A — z) on O, as follows, 

A4%M:( l2(a! ""~'^ Hl(afi) ' .6CW-Aeri. (3^55) 

where «e is the unique solution of 

(-A - z)u = in O, ueH 3/2 (fl), (y N + Oj D ) u = g on 9f2. (3.56) 

We note that Robin-to-Dirichlet maps have also been studied in [10]. 

We conclude with the following theorem, one of the main results of this paper: 

Theorem 3.7. Assume Hypothesis 3.1. Then 

M^] @n {z)&B(H 1 {dn),L 2 {dn-d n - 1 uj)), zeCW-Ao,!,), (3.57) 

and 

Af Se,n( 2! ) = (7v + e 7D )[(7AT + 9 7l3 )(-A An - z/o)" 1 ]*' « G <tV(-A Aa ). (3.58) 
Moreover, 

M e?D,n( z ) e B{L 2 {dn-d n - 1 uj),H\dn)), z G CV(-A e ,n), (3.59) 

and, m /ac£, 

M e%(*) efioo^^d"- 1 ^)), z G CV(-A©, n ). (3.60) 

in addition, 

M e? D ,n(z) = Id [7D(-Ae,n - ^a)" 1 ] *, * G <tV(-A ,n). (3.61) 
Finally, let z G C\(cr(— A^.n) U cr(— Ae,n)). TTien 

- -MgkoW" 1 - (3-62) 

Proof. The membership in (3.57) is a consequence of Theorem 3.6. In this context we note that by 
the first line in (2.93), 7r>(— A^q — z/q) -1 = 0, and hence 

u D = -[7iv(-A D , n -zln)- 1 ]*/ = - [(tjv + ©7-d) (-Ad,u - z/q) _1 ] */ (3.63) 

by (3.51). Moreover, applying — ( 7 at + 6 7 _d) to ud in (3.51) implies formula (3.58). Likewise, 
(3.59) follows from Theorem 3.2. In addition, since H 1 (dfl) embeds compactly into L 2 (dfl; d n ^ 1 ui) 
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(cf. (A. 10) and [72, Proposition 2.4]), Mq^ d Q (z), z £ C\a(— Ae,n), are compact operators in 
L 2 (dCi; d™ _1 (jj), justifying (3.60). Applying 7/5 to we in (3.7) implies formula (3.61). 
There remains to justify (3.62). To this end, let g E L 2 (dVL\ gP -1 ^) be arbitrary. Then 

M { n ] ,e,n(z)M^ Dn (z)g = M^ en (z) lD u e = -tf N + &1d)u d , f = lD u e G H^dSl). (3.64) 

Here ue is the unique solution of (—A — z)u = with u e H 3 ^ 2 (Q) and (7/v + 67,0) w = g, and 
ud is the unique solution of (—A — z)u = with u G H 3 / 2 (Q) and 7/ju = / G H 1 (dfl). Since 
(« D - we) 6 # 3/2 (fi) and JdUd = f = lD u e>i ° nc concludes 

1d(ud — ue) = and (—A — z)(ud — u@) = 0. (3.65) 

Uniqueness of the Dirichlct problem proved in Theorem 3.6 then yields ud = u@ which further 
entails that —(jn + Q^d)ud = —(jn + Q"fD)u@ — —g. Thus, 

<6,n(^ M Sk^^)f = ~{lN + Q lD )u D = -g, (3.66) 

implying M^ en (z)M^ Dn (z) = -I an . Conversely let / G H\dft). Then 

M^, a {z)M^ 9tn {z)f = M<%(z)( (j N + Q lD )u D ) = lD u @ , (3.67) 

and we set 

g = -(7jv + ®1d)u d G L 2 ^;^"- 1 ^). (3.68) 

Here ud,uq G _ff 3 / 2 (f2) are such that (—A — z)«e = (—A — z)ud = in fl and jdud = f, 
(jn + 07£>)ue = 9- Thus (7JV + 6713) (u& + u D ) = 0, (-A - z)(u & + u D ) = and (u D + u@) G 
iJ 3 / 2 (il). Uniqueness of the generalized Robin problem proved in Theorem 3.2 then yields u@ = —up 
and hence jduq = —Jdud = — /■ Thus, 

M { e! D d z ) Mi Dkn( z )f = IdUs = -/, (3.69) 

implying Mq' d q(<2)M^q o( z ) — ~Idn- The desired conclusion now follows. □ 

Remark 3.8. In the above considerations, the special case 8 = represents the frequently stud- 
ied Neumann-to-Dirichlet and Dirichlet-to-Neumann maps M^ D Q (z) and M^ N Q (z), respectively. 

That is, M$ D n (z) = M^ D n {z) and M ( ^ Nn (z) = M^ o n (z). Thus, as a corollary of Theorem 3.7 
we have 

<}od z ) = -M { £ N , a {z)-\ (3.70) 
whenever Hypothesis 2.1 holds and z G C\(a(— Ao,n) U a(— Ajv.n))- 

Remark 3.9. We emphasize again that all results in this section immediately extend to Schrodinger 
operators -ffe.fi = — Ae,n + V, dom(.ffe,n) = dom( — Ae,n) in L 2 (Q;d n x) for (not necessarily 
real-valued) potentials V satisfying V G L°°(Q,;d n x), or more generally, for potentials V which are 
Kato-Rellich bounded with respect to — Ae,n with bound less than one. Denoting the corresponding 
M-operators by Mo,N,n(z) and M@^D,n(z), respectively, we note, in particular, that (3.53)-(3.62) 
extend replacing — A by — A + V and restricting z £ C appropriately. 

Our discussion of Weyl-Titchmarsh operators follows the earlier papers [43] and [46] . For related 
literature on WeyUTitchmarsh operators, relevant in the context of boundary value spaces (boundary 
triples, etc.), we refer, for instance, to [3], [5], [12], [13], [18]-[22], [32]- [35], [42], [44], [47, Ch. 3], 
[49, Ch. 13], [65], [66], [71], [80], [81], [84], [85], [88], [89], [100]. 
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4. Some Variants of Krein's Resolvent Formula 

In this section we present our principal new results, variants of Krein's formula for the difference of 
resolvents of generalized Robin Laplacians and Dirichlct Laplacians on bounded Lipschitz domains. 
We start by weakening Hypothesis 3.1 by using assumption (4.1) below: 

Hypothesis 4.1. In addition to Hypothesis 2.2 suppose that 

eeBoo(fl" 1/2 (5fi),-ff~ 1/2 (5fi))- (4-1) 
We note that condition (4.1) is satisfied if there exists some e > such that 

ees(ff 1/2 - e (8fi),ir 1/2 (0fi)). (4.2) 

Before proceeding with the main topic of this section, we will comment to the effect that Hypoth- 
esis 3.1 is indeed stronger than Hypothesis 4.1, as the latter follows from the former via duality and 
interpolation, implying 

6 G B 00 (H s (dH),H"~ 1 (dSl)), < s < 1. (4.3) 

To see this, one first employs the fact that 

(H S0 (dn),H Sl (dn))e, 2 = H s (dil) (4.4) 

for s = (1 — 8)sq + 9s\, < 6 < 1, < So, Si < 1, and sq ^ s\, where (•,•)«, g denotes the real 
interpolation method. 

Second, one uses the fact that if T : Xj — > Yj, j = 0,1, is a linear and bounded oper- 
ator between two pairs of compatible Banach spaces, which is compact for j = 0, then T G 
Soo(ftJi)»,p, (*o,*i)e, P ) for every 9 G (0, 1). This is a result due to Cwikcl [27]: 

Theorem 4.2 ([27]). Let Xj, Yj, j = 0, 1, be two compatible Banach space couples and suppose that 
the linear operator T : Xj — > Yj is bounded for j = and compact for j = 1. Then T : {Xq, X\)g tP — > 
(Yq, Yi)g^p is compact for all 9 G (0, 1) and p G [1, oo]. 

(Interestingly, the corresponding result for the complex method of interpolation remains open.) 

In our next two results below (Theorems 4.3-4.5) we discuss the solvability of the Dirichlet and 
Robin boundary value problems with solution in the energy space JT 1 (S1). 

Theorem 4.3. Assume Hypothesis 4.1 and suppose that z G C\<r(— Ae,n)- Then for every g G 
H~^l 2 (d£l), the following generalized Robin boundary value problem, 

U-A-z)u = 0infl, ueH 1 ^), 
I (j N + ®Jd)u = 9 on dfl, 
has a unique solution u — us- Moreover, there exists a constant C — C(Q,fl,z) > such that 

\\ue\\m(n) < C\\g\\ H -i/2 {dn y (4.6) 

In particular, 

^(-Ae.n-^rTeBlr 1 / 2 ^),^^)), (4.7) 
and the solution uq of (4.5) is once again given by formula (3.7). 

Proof. The argument follows a pattern similar to that in the proof of Theorem 2.17. In a first stage, 
we look for a solution for (4.5) in the form 

u(x) = {S z h)(x), xen, (4.8) 

for some h G H^ 1 ^ 2 (dfl). Here the single layer potential S z has been defined in (2.118), and 
the fundamental Hclmholtz solution E n is given by (2.117) (cf. also (C.l)). Any such choice of h 
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guarantees that u belongs to and satisfies (—A — z)u = in ft. Sec (D.29). To ensure that 

the boundary condition in (4.5) is verified, one then takes 

h = [(-|/an + Kf) + Q lD S z ] " V (4.9) 

That the operator 

{-\hn + Kf) + Q lD S z : H^'^dn) - H~ 1 ^ 2 (dQ) (4.10) 

is invertible for all but a discreet set of real values of the parameter z, can be established based 
on Hypothesis 4.1 by reasoning as before. The key result in this context is that the operator 
-\ldsi + Kf G i3(i?" 1/2 (aO)) is Fredholm, with Fredholm index zero for every z G C. □ 

The special case = 0, corresponding to the Neumann Laplacian, is singled out below. 

Corollary 4.4. Assume Hypothesis 2.1 and suppose that z G C\cr(— Ajv,n). Then for every g G 
H~ 1 ^ 2 (dCt), the following Neumann boundary value problem, 

((-A-z)u = 0in n, u G _ff 1 (il), 
1 7atm = 5 on dn, 

has a unique solution u — um- Moreover, there exists a constant C = C(0, z) > smc/i £/mf 

||«jv||/ri(n) < C||fif|| H -i/2 (aa) . (4.12) 

in particular, 

[M-^a-zIn)- 1 ]* eB{H-V\dn),H\n)), (4.13) 
and i/ie solution u g of (4.5) is groen fry i/ie formula 

u N = (iDi-^N^-zIn)- 1 )*^. (4.14) 

Finally, as a byproduct of the well-posedness of (4.11), the weak Neumann trace -yjy in (2.40), (2.41) 
is onto. 

In the following we denote by Iq the continuous inclusion (embedding) map of i? 1 (J7) into 
(i/ 1 (il)) . By a slight abuse of notation, we also denote the continuous inclusion map of Hq(Q) into 

[Hq(Q))* by the same symbol Iq. We recall the ultra weak Neumann trace operator 7V in (2.60), 
(2.61). Finally, assuming Hypothesis 4.1, we denote by 

-A @ ,n&B(H 1 (Q),(H 1 (Q)y) (4.15) 

the extension of — Ae,n m accordance with (B.26). In particular, 

m(n)(u, -A e ,nt>)(ffi(fi)). = J d n x Vu(x) ■ Vv(x) + (j D u, &y D v) 1/2 , u, v G H 1 ^), (4.16) 
and -Ae,n is the restriction of -A e> n to L 2 (Q; d n x) (cf. (B.27)). 

Theorem 4.5. Assume Hypothesis 4.1 and suppose that z G C\cr(— A©q). TTien /or eijery w G 
(_ff 1 (0))*, ffce following generalized inhomogeneous Robin problem, 

U-A-z)u = w\ n inV'(n), ueH 1 ^), 
\ 7Af(w, + Q"/du = on cT2, 

ftas a unique solution u = ue,w Moreover, there exists a constant C = C(6, f2, z) > such that 

\\u&, w \\m(n) < C\\w\\ {H i (dn) ),. (4.18) 
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In particular, the operator (— Ae,n — zIq) 1 , z G C\a(— Ae,n), originally defined as a bounded 
operator on L 2 (S1; d n x), 

(-A e ,n - z/n)" 1 G £(L 2 (S1; d"x)), (4.19) 

can &e extended to a mapping in B ((H 1 (O))* , i? 1 (SI)) , w/wc/i in fact coincides with 

(-Aev-zln)' 1 eB((^ 1 (0))*,^ 1 (0)). (4.20) 

Proof. We recall (2.57). Hence, if u> G (7J 1 (fi))*, taking the convolution of io with i?„(z; • ) in (C.l) 
and then restricting back to SI yields a function u G H 1 ^) for which (—A — z)u = w\n in V(Cl). 
A solution of (4.17) is then given by u = u + u\, where u\ satisfies 



J(-A-z)ui = 0in Q, ui e JJ 1 ^), 

\(7JV + e7z3)tii = -(tv(«o,«;) + 67/5^0) G H^^idn) on 90. 

Indeed, we have 

ix{u,w) =7aa((mo,w) + (wi,0)) = 7/v(«o,w) +7jv(mi,0) = tV(«o,w) + 7jV«i 
= -67DM1 - ©7-D u o = -07du, 



(4.21) 



(4.22) 



by (2.64). That the latter boundary problem is solvable is guaranteed by Theorem 4.3. We note that 
the solution thus constructed satisfies (4.18). Uniqueness for (4.17) follows from the corresponding- 
uniqueness statement in Theorem 4.3. 

Next, we observe that the inverse operator in (4.20) is well-defined. To prove that 

-Ae.n-^Jn:^)^^))', z G C\a(-A ,n), (4.23) 

is onto, assume that w G (_ff 1 (0))* is arbitrary and that u solves (4.17). Then, for every v G i? 1 (fi) 
we have 

(-Ae,fi - ^n)u)(Hi(fj)). = / d n x Wv(x) ■ Vu(x) - z / d n xv(x)u(x) + (-y D v, Oj D u) , 

Jn Jn 1 

= I d n xVv{x) ■ Vu(x) - z I d n xv(x)u(x) 
Jn Jn 

- (lDV,l'Af(u,w)) 1/ 2 

= m(n)(v,w) (H i (n)) ,, (4.24) 

on account of (2.61), (4.16), and (4.17). Since the element v G iJ 1 (SI) was arbitrary, this proves that 
(— Ae,n — zln) u = w , hence the operator (4.23) is onto. In fact, this operator is also one-to-one. 
Indeed, assume that u G 1 (SI) is such that (— Ae,n — zIq)u = 0. Then, for every v G if 1 (SI), 
formula (4.16) yields 

= w(a)(v, ( - A ,n - «?n)«) (ff i (n)) . 

r r _ (4.25) 

= / d n xVv(x) ■ \7u(x) — z / d n xv(x)u(x) + (-fDV,QjDu) 1/2 . 
Jn Jn 1 

Specializing (4.25) to the case when v G Cq°(CI) shows that (— A— z)u = in the sense of distributions 
in SI. Returning with this into (4.25) we then obtain (-jdv, (7jv+@7d)w} 1 , 2 = for every v G i? 1 (Sl). 

Given that the Dirichlet trace jd maps iJ x (Sl) onto _ff 1 / 2 (9Sl), this proves that (7/v + 07d)m = 
in H^ 1 ^ 2 (dfl) so that ultimately u — 0, since z G C\<r(— Ae,n)- In summary, the operator (4.23) is 
an isomorphism. 
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Finally, there remains to show that the operators (4.19), (4.20) act in a compatible fashion. 
To see this, fix z G C\cr(— Ae^) and assume that to G L 2 (Q;d n x) <—> (H 1 ^))*. If we then set 
u = (-A e ,n - zlny-w G H 1 ^), it follows from (4.16) that 

j?i(fi)(u,w)(/ri(n))« = m(n)(v, ( - A e ,n - 

r r _ (4.26) 

= / d n xVv(x) ■ Vu(x) - z / d n xv(x)u(x) + (j D v,Q^ D u) 1/2 , 
Jn Jn 1 

for every v G 1 (SI) . Specializing this identity to the case when v G Cq°(CI) yields (—A — z)u = 
w G L 2 (il;d n x). When used back in (4.26), this observation and (2.41) permit us to conclude that 

(jdv, {■Jn + ©7r>)w)i/2 = / d n x Vv(x) ■ Vu(x) - z / d n xv{x)u(x) 

Jn Jn 

= / cPx Vt)(x) • V«(i) - -J / d"iw(a;)ii(j;) 
in Jn 

= 0, (4.27) 

for every v G if 1 (SI). Upon recalling that the Dirichlet trace jd maps if 1 ($7) onto H^ 2 (dn), this 
shows that (7^ + Q^d)u = in ~ 1//2 (<9S1). Thus, u = (-Ae,si — z/o) _1 w, as desired. □ 

Remark 4.6. Similar (yet simpler) considerations also show that the operator (— A^.n — zIq) -1 , 
z G C\a(— An,n), originally defined as bounded operator on L 2 (Q;d n x), 

(-A DiQ - zln)- 1 G B(L 2 (n ; d n x)) , (4.28) 

extends to a mapping 

(-An^-zTn)' 1 eBiH-^H^Q)). (4.29) 

Here —Ao,n G B(Hq (SI), H^ 1 ^)) is the extension of —Ad,q in accordance with (B.26). Indeed, 
the Lax-Milgram lemma applies and yields that 

( - Ad,q - zla) ■ H^Q) - (i^o (SI))* = H-^Sl) (4.30) 
is, in fact, an isomorphism whenever z G C\a(— Ajj,n)- 

Corollary 4.7. Assume Hypothesis 4.1 and suppose that z G C\er(— A© q). Then the operator 
M e°kn( z ) e S(L 2 (9f2; d n_1 u;)) in (3.55), (3.56) extends ( in a compatible manner) to 

M@^ Di q(z) G B(H~ 1 l 2 {d£l),H 1 l 2 {dVL)), z G CV(-A e ,n). (4.31) 

In addition, M^ D Q (z) permits the representation 

^4%W=7c(-A©,n-^n)" 1 7i, « G CV(-A e ,n). (4.32) 

T/ie same applies to the adjoint Mq^ d q(z)* G S(i 2 (9f2; d n_1 a;)) of Mq^ dq (z), resulting in the 
bounded extension (M^ Dn (z))* G sftf- 1 / 2 ^), H 1 / 2 ^)), z G C\a(-A e ,a). 

Proof. The claim (4.31) is a direct consequence of Theorem 4.3, while the claim (4.32) follows from 
the fact that 

j* D : (# 1/2 (dSl))* = H- l ' 2 {dtt) (H\n))* (4.33) 
in a bounded fashion (cf. (A. 32), (4.20) and (3.61)). The rest follows from dualizing these claims. □ 
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The following regularity result for the Robin resolvent will also play an important role shortly. 

Lemma 4.8. Assume Hypothesis 3.1 and suppose that z £ C\er(— A© j q). Then 

(-A e ,n - zln)- 1 : £ 2 (ft;cTx) -»{u£ H 3/2 (ft) \ Au £ £ 2 (ft;d"x)} (4.34) 

is a well-defined bounded operator, where the space {u £ H 3 / 2 (fl)\Au £ L 2 (Cl;d n x)} is equipped 
with the natural graph norm u ^ \\u\\ H3 /2(n) + \\Au\\ L 2^ n . dnx y 

Proof. Consider / £ L 2 (Q;d n x) and set u = (— Ae,n — zln) -1 /. It follows that u is the unique 
solution of the problem 

(-A - z)u = f in ft, u£H 1 (n), (j N + Q lD )u = on 9ft. (4.35) 

The strategy is to devise an alternative representation for u from which it is clear that u has the 
claimed regularity in ft. To this end, let / denote the extension of / by zero to M. n and denote by 
E the operator of convolution by E n (z; ■ ). Since the latter is smoothing of order 2, it follows that 
w = (Ef)\n £ H 2 (Q) and (—A — z)w = / in ft. Also, let v be the unique solution of the problem 

(-A - z)v = in ft, v£ ff 3 / 2 (ft), ( 7jv + e 7jD )u = -( 7jv + 0"f D )w on 9ft. (4.36) 

That (4.36) is solvable is a consequence of Theorem 4.3. Then v + w also solves (4.35) so that, by 
uniqueness, u = v + w. This shows that u has the desired regularity properties and, hence, the 
operator (4.34) is well-defined and bounded. □ 

Under the Hypothesis 4.1, (4.20) and (2.7) yield 

joi-Ae^-zIn)' 1 G B((H\n)y, H^ 2 (dSl)). (4.37) 

Hence, by duality, 

[X-Ae.n-s/n)" 1 ]* ^(r 1 / 2 ^)^ 1 ^)). (4.38) 
We wish to complement this with the following result. 

Corollary 4.9. Assume Hypothesis 3.1 and suppose that z £ C\a(— Ae,n). XTien 

7D(-Ae,n - z/n)" 1 e £(L 2 (ft;<fV), tf^ft)). (4.39) 

in particular, 

[ lD (-A @ , Q - zln)- 1 ]* £ B(H- 1 (dn),L 2 (ri;<rx)) ^ £(L 2 (9ft; d^ft), L 2 (ft; (Trr)). (4.40) 
In addition, the operator (4.40) is compatible with (4.38) in i/ie sense t/iat 

M-A e ,o - ^a)" 1 ] 7 = M - A e ,Q - «/n) _1 ] V *" i 2 (0;d"x), / e ff" 1 / 2 ^). (4.41) 
j4s a consequence, 

M-A e ,o - «/n) _1 ] V = M - Ae.n - «/n) _1 ] V *" i 2 (0;d"x), / e L 2 (9ft; d"" 1 *). (4.42) 

Proof. The first part of the statement is an immediate consequence of Lemma 4.8 and Lemma 2.3. 
As for (4.41), pick / £ H- 1 / 2 {dQ) ^ if" 1 (9ft) and u £ L 2 (ft; cPz) ^ (ff x (ft))* arbitrary. We may 
then write 

([7£>(-A 0i fi - zln)- 1 ]*! , u) L 2 (n . dnx) = (/, 7D(-A ei o - zlsi)~ 1 u} 1 

= (f , mi-Ae^ -zIn)~ 1 u) 1 / 2 
= (/, 7£> ( - A e ,n - zl n ) 1 n) 1/2 
= ifi(n)<[7£)( - Ae.fi - «/n) _1 ] V . u ) (H i(fi )r 
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= ([id(- Ae.n - zln)' 1 ] *f, u) L2{n . dnx) , (4.43) 

since (4.19) and (4.20) arc compatible. This gives (4.41). Since L 2 (dQ; (P^oj) ^ H~ 1 / 2 (dQ), (4.42) 
also follows. □ 

We will need a similar compatibility result for the composition between the Neumann trace and 
resolvents of the Dirichlet Laplacian. To state it, recall the restriction operator Rq from (2.58). 
Also, denote by 7r™ the identity operator (for spaces of functions defined in M. n ). Finally, recall the 
space (2.59) and the ultra weak Neumann trace operator in (2.60), (2.61). 

Lemma 4.10. Assume Hypothesis 2.1. Then 

((- A AO -^fi) _1 oi?o,/ R ") : (HHm* -W z (fi), zeCV(-A D , n ), (4.44) 
is a well-defined, linear and bounded operator. Consequently, 

^{(-A D ,a-zIa)~ 1 oR a ,Ii l n) eS((i/ 1 (r!))*,i/- 1 / 2 (9r!)), z G C\a(-A D , a ), (4.45) 
and, hence, 

pw(( - A D , n - zlnY 1 o R n , J R „)] * e B(H^ 2 (dn), ff^fi)) , z e C\a{-A D , n ). (4.46) 

Furthermore, the operators (4.45), (4.46) are compatible with (3.45) and (3.46), respectively, in the 
sense that for each z £ C\<r(— Ad,q), 

lN(-A D . n - zl n )-\f = tv(( - A D , n - z^)" 1 o ifo, J R »)/ m H- X ' 2 (dn), f e L 2 (f>; d n x), 

(4.47) 

and 

[jN(-A Dt n-zI Q )- 1 ]*f=[w((-A D! n-zIn)~ 1 oR n ,I R n)]*f in L 2 (n ; d n x), 

(4.48) 

for every element f E H 1 ' 2 (dfl). 

Proof. Let z e C\a(-A A fi). If / £ (tf 1 ^))* and u = ( - A D>n - zl n )~\f\n), then u e H^(Q) 
satisfies (—A — z)u = /|q in T>'(Q). Hence, (u, f) e Wz(Q) which shows that the operator (4.44) is 
well-defined and bounded. Then (4.45) is a consequence of this and (2.60), whereas (4.46) follows 
from (4.45) and duality. 

Going further, (4.47) is implied by Lemma 3.4, the compatibility statement in Lemma 2.4, and 
(2.62)-(2.64). There remains to justify (4.48). To this end, if / e H 1 / 2 ^) ^ L 2 («90; d^V) and 
u 6 L 2 (Q;d n x) (_ff 1 (fi))* are arbitrary, we may write 

([7iv(-Ar>,fi - zlny^'f , u)z,2 (n . d „ x) = (/, i N (-A D ,n -zl n y 1 u) 

= (f, 7jv( - A Dt n - zI n )~ 1 u) 1/2 u) 1/2 (4.49) 

= (/ , 7jv(( - A Dt n - zIq) 1 o Ru,Im")u)i/2 

= m(n)([lM({ - A D , n - zl n ) 1 o R n ,I m n)]*f, 

= ( [tv(( - Ac.fi - z/fi) _1 o ife, J R »)] 7 , w) L2(n . d „ x) , 

where the third equality is based on (4.47). This justifies (4.48) and finishes the proof of the 
lemma. □ 
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Lemma 4.11. Assume Hypothesis 4.1 and suppose that z G C\(cr(— Ae.fi) Ucr(— An,n))- Then the 
following resolvent relation holds on (if 1 ^)) , 



( - A e q - zln) 1 = ( - A D , n - zln) 1 o R n 

~ ~ _i ~ -i ( 4 - 5 °) 

+ ( - A e ,fi - zl n ) 1*d1h{{ - Afl,n - zln) o R n ,Imn). 

Proof. To set the stage, we recall (2.40)-(2.41) and (4.33). Together with (4.20) and (4.29), these 
ensure that the composition of operators appearing on the right-hand side of (4.50) is well-defined. 
Next, let 01,-01 G L 2 (ft;cT x) be arbitrary and define 

= (-A e ,n-«/n)~Vi G dom(A e ,o) C (ff^fi) ndom^)), 
V- = (-A D , n - z/ n )-Vi G dom(A r); a) c (^(fi) ndom^)). 

As a consequence of our earlier results, both sides of (4.50) are bounded operators from (iJ 1 (Sl))* 
into iJ 1 (fi). Since L 2 (il;d n x) (if 1 (fi))* densely, it therefore suffices to show that the following 
identity holds: 

(0i, (-Ae.fi - 2-fo)~Vi)i, 2 (fi;<i"s) - (0i, (-A^.n - VOl 2 ^"*) 
= (0i, (-Ae.fi - zln)~ i* d 1n{-A d ^ - zln)~ ^i)z, 2 (fi ; d«x)- 
We note that according to (4.51) one has, 

(0i, (-&D,n - z-fo) _ Vi)L 2 (fi;d»x) = ((-A e ,n - zl n )<p, V , )i 2 (fi ; d«x), (4-53) 
(0i, (-Ae.fi -z/s))"Vi)L2(s2;d»x) = (((-Ae.fi - zlfi) _1 )*0i, V'i) I ,2 ( Q. d n x ) 

= ((-Ae.fi -^fi)" 1 01,V'l)l, 2 (fi;d" a ,) 

= (0, (-A AO - z/fi)V)L 2 (fi;d-x), (4.54) 

and, further, 

(0i, (-Ae.fi - z/fi) _1 7D7w(-A AO - zIn)~ 1 ipi) L ^(n;d^x) 

= ff 1 (fi)((-A e ,fi - z/fi) _1 0i,7i)7A r (-A£'.fi - z-ffi) -1 ^)^ 1 ^))* 
= (7c(-Ae,fi - ^/fi) _1 0i,7iv(-A£),fi - 2/fi) _1 V>i)i/2 = {1d4>,1n^)i/2- (4-55) 
Thus, matters have been reduced to proving that 

((-Ae.fi -zln)4>,ip)mn;dn x ) - W>, (-Ao,n - 2/fi)V>)i, 2 (fi;d™x) = (7-D0, 7W0)i/2- (4-56) 
Using (A. 31) for the left-hand side of (4.56) one obtains 

((-Ae.fi -^fi)0,'0)l, 2 (fi;d"x) - (-Ari.fi - 2-fo)V>)L 2 (fi;d"x) 

= -(A0, ^)L 2 (fi;d" a ,) + (0, AV0z,2 (n . d n x) (4.57) 
= (V0, V^)L 2 (fi;d"2,)" - (7V0,7C0)l/2 - (V0, VV0l, 2 (fi;d"x)" + (7D0,7iV0)l/2 
= -(7^0,7^)1/2 + (7150, 7V0) 1/2- 

Observing that 7£>0> = since ip G dorr^A^n), one concludes (4.56). □ 

The stage is now set for proving the L 2 -version of Lemma 4.11. 

Lemma 4.12. Assume Hypothesis 3.1 and suppose that z G C\(a(— Ae.fi) U <r(— An,n))- Then the 
following resolvent relation holds on L 2 (Q;d n x), 

(-Ae.fi - zln)- 1 = (-A Dt n - zln)' 1 + [y D (-&e,n - zln)' 1 ] * [7w(-A fl , n - z/n)" 1 ] ^ 
= {-A Dt n - z/o)- 1 + [7 JV (-A D , S 2-z/ SJ )- 1 ]*[7 D (-Ae, S] - zln)' 1 ]- 
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Proof. Consider the first equality in (4.58). To begin with, we note that the following operators are 
well-defined, linear and bounded: 

(-An^-zln)- 1 eB(L 2 (Cl;d n x)), (-A e ,n - zln)' 1 e B(L 2 (n ; d n x)) , (4.59) 
7at(-A d ,o -zln)- 1 G B(L 2 {Q;d n x),L 2 {dn;d n - 1 uj)), (4.60) 
[y D (-^e,n -zln)- 1 ]* e B(L 2 (dn;d n - 1 w),L 2 (fl;d n x))). (4.61) 

Indeed, (4.59) follows from the fact that z G C\(a(-A DtQ ) U<7(-A e ,n)) , (4.60) is covered by (3.45), 
and (4.61) is taken care of by (4.40). Together, these memberships show that both sides of (4.58) 
are bounded operators on L 2 (fl;d n x). Having established this, the first equality in (4.58) follows 
from Lemma 4.11, granted the compatibility results from Corollary 4.9 and Lemma 4.10. Then the 
second equality in (4.58) is a consequence of what we have proved so far and of duality. □ 

We note that the special case = in Lemma 4.12 was discussed by Nakamura [77] (in connection 
with cubic boxes Q) and subsequently in [43, Lemma A. 3] (in the case of a Lipschitz domain with a 
compact boundary). 

Lemma 4.13. Assume Hypothesis 4.1 and suppose that z e C\er(— Ae,n). Then 

[M { g D>a (z)]* = Mj» Dtn {z) (4.62) 

as operators in B( K H^ 1 ^ 2 {dVl)\H 1 ^ 2 (dVLj). In particular, assuming Hypothesis 3.1, then 

[M { ^n(z)T=M^ n (z). (4.63) 

Proof. Let f,g e i?" 1 / 2 ^). Then using the definition of Mg' D n (z) one infers 

(M^ D , n {z)f,g) 1/2 = {idu, tf N + &Yd)v) 1/2 (4.64) 

where u, v solve the Robin boundary value problems 

((-A-z)u = 0m n, u GH 1 ^), 
\ (7JV + Q^d)u = f on dfl, 

and 

| (-A -z)v = in fi, ve H\n), 
\ (in + Q^d)v = 9 on dfl, 
respectively. That this is possible is ensured by Theorem 4.3. Using (A. 31) we may then write 

(iDU, (j N + <9jd)v) 1/2 = (jDU, 7A^)l/2 + (iDU, Q-Jdv) 1/2 

= (VM 1 V«) i 2( !1;( i» I )» + m(Q)(u, Ao}( ff i( fi )). + (jdu, <dj D v) 1/2 

= (Vu,Vv) L 2 (n . dnx)n -z(u,v) L 2( Q . d n x) n + (^ D U, Q^ D V) 1/2 
= (VU, ^U) L 2 {n . d n x) n - z{v,u) L 2 (n . d n x) n + (j D U, Qj D v) 1/2 

= (V«,Vw) L 2 {fi;( j„ J . ) „ +jji(!i)(f 1 Aa)( H i(f ! )). + (j D u,Q-y D v) 1/2 
= (idv^ n u) 1/2 + (■y D u,Qj D v) 1/2 
= (7du,7jWi/2 + (©7DU,7-D") 1/2 
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H^e%(^/) 1/2 - 

= (f,Mg} Dia {z)g) 1/r (4.67) 

Now (4.62) follows from (4.64) and (4.67). Finally, (4.63) follows from (4.62) by restriction of the 
latter to L 2 (dn; d^u). □ 

Next we briefly turn to the Herglotz property of the Robin-to-Dirichlet map. We recall that 
an operator-valued function M(z) 6 B(H), z E C + (where C + = {z e C | Im(z) > 0), for some 
separable complex Hilbert space H, is called an operator-valued Herglotz function if M{ ■ ) is analytic 
on C + and 

Im(M(z)) > 0, z G C+. (4.68) 
Here, as usual, Im(M) = (M — M*)/(2i). 

Lemma 4.14. Assume Hypothesis 4.1 and suppose that z e C+. Then for every g e H^ 1 / 2 (dfl), 
1< 5 , [M e , fl (z) - M e , D (2)*] 5 ) 1/2 = lm(z)\\u @ \\l Hn . d n x) > 0, (4.69) 

where u@ satisfies 

U-A-z)u = m 0, tieff'fn), 
\ (7jv + 07_d)u = g on 90. 
In particular, assuming Hypothesis 3.1, i/ien 

M M e°W*)) > «, zeC+, (4.71) 
and Zience Mq' d n ( • ) is an operator-valued Herglotz function on L 2 (dCl; d™ _1 cj). 

Proof. Let lie be given by the solution of (4.70). Then M^ D Q g = jdub by (3.55), and using 
self-adjointness of (in the sense of (B.7)) and the Green's formula (A. 31), one computes, 

^( .9, [Mq,d{z) - M @iD (z)*]g) 1/2 = ^[( g,M @ , D (z)g) 1/2 - ( M @ ,D(z)g,g) 1/2 ] 

= ^[((jv + 07c) M e,7-DW©) 1/2 - (7-D M o, (7jv + 07£>) u e) 1/2 ] 

= ^r[(7vue,7n u e)i/2 - {iduq, 7^0)1/2] 

+ ^r[(©7-D M e,7D u e) 1/2 - (7u u e, ©7-D M e) 1/2 ] 
= Im((7jv«e,7r»we)i/2) 

= Im[(Vue, Vue)L*(n;d»x) + m(n)(^u&, ue)(m(n))*} 
= Im(-0 H i(n)(u0,ue)( H i(Q)).) 
= Im(z) Hi(n)(ue,ue)(Hi(n))* 

= M*)ll«ell£*(n;,i»x)>0 (4.72) 

since 3^0 implies us ^ 0. This proves (4.69). Restriction of (4.69) to g e L 2 (dQ; d n ^ 1 uj) then 
yields (4.71). □ 

Returning to the principal goal of this section, we now prove the following variant of a Krein-type 
resolvent formula relating Ae,o and An,n- 
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Theorem 4.15. Assume Hypothesis 4.1 and suppose that z G C\(er(— Ae,n) U <t(—Ad,q))- Then 
the following Krein formula holds on (H 1 ^)) , 



( - A e ,j2 - zln) 1 = ( - &D,n - zIq) 1 o R n 



(4.73) 



+ [w(( - A fli o — zln) 1 o Ra,lRn)]*M^ Dtn (z)[^{{ - A D , n - zln) 1 ° An, Jr» 
Proof. Applying 7£> from the left to both sides of (4.50) yields 

7D (- A e ,n - zln)' 1 =j D (- A e .n - zln)' 1 ^*^^ ~ Ajj.n ~ ^n)" 1 ° Rn,h™) (4.74) 

since 7r>( - A D , n - zln)' 1 = 0. Thus, by (4.32), 

7D ( - A , n - z7 n ) _1 - Mgkn(«)7v(( - A A n - z/fi)" 1 ° i2n, Jr»), (4.75) 

as operators in S((if 1 (il))*, H 1 ^ 2 (dil)). Taking adjoints in (4.75) (written with z in place of z) 
then leads to 

( - A e ,n - zl n ) = [id ( - A e ,o - z7 f2 ) * 

= [7iv( - A D , n - zl n ) _1 ] * [Mgij,n(«)] * 
= [ta/-(( - A D , n -^/n)" 1 oiin,/Mn)]*M4%^), (4.76) 
by Lemma 4.13. Replacing this back into (4.50) then readily yields (4.73). □ 
The L 2 (Q; eP a:) -analog of Theorem 4.15 then reads as follows: 

Theorem 4.16. Assume Hypothesis 3.1 and suppose that z G C\(er(— Ae,n) U <r(— An,n))- Then 
the following Krein formula holds on L 2 (Q; d n x): 

(-A e ,n - zln)- 1 = {-A Dt n - zln)' 1 

(4 77) 

+ fi N (-A D ,n-m)- 1 ]*Mi\ Q (z)fi N (-A D ,n-zIn)- 1 ]. 
Proof. This follows from Theorem 4.15 and the compatibility results established in Lemma 4.10. □ 



An attractive feature of the Krein-type formula (4.77) lies in the fact that Mg' D Q (z) encodes 
spectral information about Ae,o- This will be pursued in future work. 

Assuming Hypothesis 2.1, the special case = then connects the Neumann and Dirichlct 
resolvents, 

( - Ajv.n - zln) 1 = ( - Ac.n - zln) 1 ° Rn 

+ [w(( - A D ,n -zln)' 1 oRa,lRn)]*M$ DiCl (z)[w(( - A Di n - zln)' 1 ° Rn, /r»)] , (4.78) 

z G C\(a(-Ajv,fi) U a(-A Dt n)), 

on (iJ 1 (fi))*, and similarly, 

(-Ajy.n - zln)' 1 = {-A D ,n - zln)' 1 

+ [7jv(-A An -^7 n )- 1 ]*Mg ) D;a (^[7jv(-A A n - zln)' 1 ], (4.79) 

z G C\(<7(-Ajv,n) U a(-A D , n )), 

on L 2 (Q; cPx). Here M^ D n (z) and M^ D n (z) denote the corresponding Neumann-to-Dirichlet 
operators. 



ROBIN-TO-DIRICHLET MAPS AND KREIN-TYPE RESOLVENT FORMULAS 



.37 



Remark 4.17. In the case when Hypothesis 2.11 is enforced, it can be shown that 

M N ] ,Dd z ) e 1/2 (^), H 3 / 2 (dn)) , z e C\(a(-A Nt n) U a(-A D ^)), (4.80) 

and 

(-An^-zln)- 1 eB(L 2 (0;d"x),J/ 2 (0)), «6C\<r(-A^). (4.81) 
Note that, by duality, the latter membership also entails 

(-A^o-z/o)- 1 eB((i/ 2 (!]))«,L 2 (Sl;ft)), z e CV(-A D , n ), (4.82) 
and, given (2.38), 

7Jv(-A D ,n - «/n) _1 G B(L 2 (fi; d"a:), H l ' 2 {dSlj), z e C\<7(-A Aa ). (4.83) 
Since, in the current scenario, we also have 

j* N GB{H-v 2 (dn),(H 2 (ri)y), (4.84) 

it follows that (4.79) takes the form 

(-Ajv.n - zIq)- 1 = {-A Dt n - zln)' 1 

+ {-A DiQ - «/n)- 1 7jvAf^ ) Di nW7Jv(-AD,n - (4.85) 

z e C\(<r(-Ajv, n ) U a(-A A n)), 

on L 2 (fi; d n x), where the composition of the various operators involved is well-defined by the above 
discussion. Formula (4.85) should be viewed as a variant of (4.77) in which the Neumann trace 
operator can be decoupled from the two resolvents of — Ap,n in the second term on the right-hand 
side of (4.77). 

Due to the fundamental importance of Krein-type resolvent formulas (and more generally, Robin- 
to-Dirichlet maps) in connection with the spectral and inverse spectral theory of ordinary and partial 
differential operators, abstract versions, connected to boundary value spaces (boundary triples) and 
self-adjoint extensions of closed symmetric operators with equal (possibly infinite) deficiency spaces, 
have received enormous attention in the literature. In particular, we note that Robin-to-Dirichlet 
maps in the context of ordinary differential operators reduce to the celebrated (possibly, matrix- 
valued) Wcyl-Titchmarsh function, the basic object of spectral analysis in this context. Since it is 
impossible to cover the literature in this paper, we refer, for instance, to [2, Sect. 84], [4], [8], [9], [12], 
[14], [15], [20], [22], [23], [41], [44], [49, Ch. 13], [52], [54]-[61], [64], [65], [71], [78]-[85], [90], [93]-[95], 
and the references cited therein. We add, however, that the case of infinite deficiency indices in the 
context of partial differential operators (in our concrete case, related to the deficiency indices of the 
operator closure of —A tc£°(fi) m L 2 (Q; d n x)), is much less studied and the results obtained in this 
section, especially, under the assumption of Lipschitz (i.e., minimally smooth) domains, to the best 
of our knowledge, are new. 

Finally, we emphasize once more that Remark 3.9 also applies to the content of this section 
(assuming that V is real- valued in connection with Lemmas 4.13 and 4.14). 

Appendix A. Properties of Sobolev Spaces and Boundary Traces 
for C 1 ' 1 " and Lipschitz Domains 

The purpose of this appendix is to recall some basic facts in connection with Sobolev spaces 
corresponding to Lipschitz domains ft C W 1 , n e N, n > 2, and on domains satisfying Hypothesis 
2.11. 
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In this manuscript we use the following notation for the standard Sobolcv Hilbert spaces (s e I), 
H s (R n ) = |c/ e S(R"Y \\U\\ 2 HS(Rn) = £ d»£ |C/(0| 2 (1 + |C| 2s ) < ooj, (A.l) 

H s (n) = {uG D'(Q) I u = U\ n for some U G ff s (R")} , (A.2) 

H°(n) = {u G H s (R n ) | supp (m) C Tl}. (A.3) 

Here X>'(£1) denotes the usual set of distributions on fl C R™, il open and nonempty, <S(R")' is the 
space of tempered distributions on R™, and U denotes the Fourier transform of U G 6>(R")'. It is 
then immediate that 

H Sl (Q) ^ H So (n) for - oo < s < Sl < +00, (A.4) 

continuously and densely. 

Next, we recall the definition of a C 1,r -domain £1 C R™, il open and nonempty, for convenience 
of the reader: Let Af be a space of real- valued functions in M" _1 . One calls a bounded domain 
O C R™ of class Af if there exists a finite open covering {Oj}i<j<N of the boundary dtt of SI with 
the property that, for every j 6 {1, N}, Oj nil coincides with the portion of Oj lying in the over- 
graph of a function ipj € Af (considered in a new system of coordinates obtained from the original 
one via a rigid motion). Two special cases are going to play a particularly important role in the 
sequel. First, if Af is Lip(R" _1 ), the space of real- valued functions satisfying a (global) Lipschitz 
condition in R™ -1 , we shall refer to fl as being a Lipschitz domain; cf. [92, p. 189], where such 
domains are called "minimally smooth" . Second, corresponding to the case when Af is the subspace 
of Lip (R n_1 ) consisting of functions whose first-order derivatives satisfy a (global) Holder condition 
of order r € (0, 1), we shall say that is of class C 1,r . The classical theorem of Rademacher of 
almost everywhere differentiability of Lipschitz functions ensures that, for any Lipschitz domain SI, 
the surface measure d n ~ 1 oj is well-defined on dSl and that there exists an outward pointing normal 
vector v at almost every point of dQ. 

Call a bounded, open set £1 C R" a star-like Lipschitz domain with respect to a point x* (called 
center of star-likeness) if VL is Lipschitz domain and 

x* + t(x - x*) G tt for every x e Ct and t e [0.1]. (A. 5) 

The above geometrical characterization of Lipschitz domains can be used to show that, given a 
bounded Lipschitz domain O C R™ then there exists a finite family of open sets flj, 1 < j < N, such 
that 

N 

fl = Ctj, flj star-like Lipschitz domain, 1 < j < N. (A. 6) 

For a Lipschitz domain £1 C R™ it is known that 

(H s (n))* = H- S (Q), -1/2<s<1/2. (A.7) 

See [99] for this and other related properties. We also refer to our convention of using the adjoint 
(rather than the dual) space X* of a Banach space X as described near the end of the introduction. 

Next, assume that il C R™ is the domain lying above the graph of a function (p : R" _1 — > R of class 
C 1,r . Then for < s < 1 + r, the Sobolev space H s (dfl) consists of functions / G L 2 (dfl; cP^ 1 ^) 
such that f(x',f(x')), as a function of x' G R™ -1 , belongs to H s (R n ~ 1 ). This definition is easily 
adapted to the case when Jl is a domain of class C l r whose boundary is compact, by using a smooth 
partition of unity. Finally, for -1-r < s < 0, we set H s (dQ) = (H- s (dQ,))*. The same construction 
concerning H s (dil) applies in the case when £1 C R™ is a Lipschitz domain (i.e., ip: R™ -1 — > R is 
only Lipschitz) provided < s ^ 1. In this scenario we set 

H s (dn) = (H- S (dn))\ -i<«<o. (A.8) 
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It is useful to observe that this entails 



ll/lltf-On) » II V1+ \W( ■ Wf ( -M- ))\\h-^-^ 0< S <1. (A.9) 
To define H s (dCl) 7 < s < 1, when f2 is a Lipschitz domain with compact boundary, we use a 
smooth partition of unity to reduce matters to the graph case. More precisely, if < s < 1 then 
/ G H s (dn) if and only if the assignment R"" 1 3 x' h-> 0/)(x', p(a/)) is in iT^R"" 1 ) whenever 
ip G Co°(R") and ip: R" _1 — > M is a Lipschitz function with the property that if £ is an appropriate 
rotation and translation of {(x', </?(V)) G R" | x' G R™" 1 }, then (supp (ip) Ddft) C X (this appears to 
be folklore, but a proof will appear in [72, Proposition 2.4]). Then Sobolev spaces with a negative 
amount of smoothness are defined as in (A. 8) above. 

From the above characterization of H 8 (<9f2) it follows that any property of Sobolev spaces (of or- 
der s G [—1,1]) defined in Euclidean domains, which are invariant under multiplication by smooth, 
compactly supported functions as well as composition by bi-Lipschitz diffeomorphisms, readily ex- 
tends to the setting of H s (d£l) (via localization and pull-back). As a concrete example, for each 
Lipschitz domain f2 with compact boundary, one has 

H s (dn) ^ L 2 (dil; (F^uj) compactly if < s < 1. (A.10) 

For additional background information in this context we refer, for instance, to [10], [11], [37, Chs. 
V, VI], [48, Ch. 1], [69, Ch. 3], [105, Sect. 1.4.2]. 

For a Lipschitz domain fid" with compact boundary, an equivalent definition of the Sobolev 
space H 1 (dQ) is the collection of functions in L 2 (dQ; d n ^ 1 uj) with the property that the (pointwise, 
Euclidean) norm of their tangential gradient belongs to L 2 (dfl; cP -1 ^). To make this precise, con- 
sider the first-order tangential derivative operators d/drj^, 1 < j,k < n, acting on a function ip of 
class C 1 in a neighborhood of dQ by 

dip/drj.k = i/j(d fe ^)| an -^(<9jV)|g n . (A.ll) 

For every / G ^(dfl) define the functional df /drj^ by setting 

df/dr jtk : C^R") 3 ip ^> [ cT^lj f (dtp/dT kJ ) (A.12) 

Jan 

When / G i 1 (9fi; d n ^ 1 uj) has df/drj^k G -L 1 (9fi; d n ^ 1 uj), the following integration by parts formula 
holds: 

/ d n - 1 ujf(dip/dT kd )= I <r- 1 w(df/dT j>k )ii>, fiec'fM"). (A.i3) 

Jan Jan 
We then have the Sobolev-type description of H 1 (dil): 

H\dn) = {/ G L 2 (dil; d n ^uj) | df/dTj, k G L 2 (dCl; d^uj), j, k = 1, . . . , n} (A.14) 

with 

n 

WfWm(an) ~ H/IU^n^-V) + ||0//0T j , fe || I ,2 (an . (J n- V) , (A.15) 

j,k=i 

(« denoting equivalent norms), or equivalently, 



H\dn) = j/ g L 2 (dn- : d n - 1 



there exists a constant c > such that for every v G C^°(R™), 



Sat 



d n 1 ojfdv/dT j)k <c\\v\\ L2{dn . dn _ lui) , j,k = l,...,n\. (A.16) 
I an ) 

Let us also point out here that if f2 c R™ is a bounded Lipschitz domain then for any j, k G 
{1, n} the operator 

0/073, k ■ H s (dil) -» ff'-^an), < s < 1, (A.17) 
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is well-defined, linear and bounded. This is proved by interpolating the case s = 1 and its dual 
version. In fact, the following more general result (extending (A. 14)) is true. 

Lemma A.l. Assume that Q C M" is a bounded Lipschitz domain. Then for every s G [0, 1], 

H'(dSl) = {/ G L 2 {dQ,;d n - 1 w)\df/dT jik G H'-^dfl), l<j,k<n} (A.18) 

and 

n 

~ ||/IU2(an;d»-iu,) + 51 ll 9 // 9r j,fcllH s - 1 (^)- ( A - 19 ) 
i,fe=i 

Proof. The left-to-right inclusion in (A.18) along with the right-pointing inequality in (A. 19) are 
consequences of the boundedness of (A. 17). As for the opposite directions, we note that using a 
smooth partition of unity and making a rigid transformation of the space, matters can be localized 
near a boundary point where <9f2 coincides with the graph of a Lipschitz function tp : K™ -1 — > M. 
Then for each sufficiently nice function / : dCl — ► R the Chain Rule yields 

(-^-)(x,(p(x))= , 1 ■^-\f(x,ip(x))], Kj<n-1. (A.20) 

On account of this and (A. 9), we then deduce (upon noticing that d/dT n , n = 0) that 

n n—1 

^||9//9r,,„|| ff3 - 1( ^ ) «^||a j [/(-^(.))]||^- 1 ( R "- 1 ). (A.21) 

Furthermore, we also have 

WfhHdn^-^) « ll/(-,^(-))ll^(R"-i;d"-i a; )- (A.22) 

Next, we recall the general Euclidean lifting result 

= g ff^-^R"- 1 ) | djf G ^-^R"" 1 ), 1 < j < n - 1}, set, (A.23) 

which can be found in [86, Section 2.1.4]. Now, the right-to-left inclusion in (A.18), as well as the 
left-pointing inequality in (A. 19), follow based on (A.21), (A.22) and the estimate which naturally 
accompanies (A.23). □ 

Lemma A. 2. Assume Hypothesis 2.1. Then for every s G [0, 1] and j, k G {1, n} 

(df/dT hk , g)^ s = (f , dg/drkjh-s (A.24) 

for every f G H s (dQ) and g G H^^dfl). 

Proof. Since for every s G [0, 1] 

C°°(R n )| an ^ H s (dn) densely, (A.25) 

it suffices to prove (A.24) in the case when / = u\qq and g = v\qq for u,v G C°°(R n ). In this 
scenario, we need to establish that 

[ d n - 1 ui(du/dT j , k )v= [ d^uuidv/drkj), l<j,k<n. (A.26) 

To this end, we rely on Green's formula (valid for Lipschitz domains) to write 

/ d n ^ 1 u! (du/drj^k)v — / d! 1 ^ 1 ^} (vjdkU — VkdjU)v 
Jan Jon 



= / d n x [dj(vdku) — dk(vdju)] 
Jn. 



ROBIN-TO-DIRICHLET MAPS AND KREIN-TYPE RESOLVENT FORMULAS 



41 



= / d n x[{d j v)(d k u) - {d k v){d jU )}. (A.27) 



One observes that the right-most integrand above is an antisymmetric expression in the indices j, k. 
Consequently, so is the left-most integral in (A.27). This, however, is equivalent to (A. 26). □ 



(A.28) 



Moving on, we next consider the following bounded linear map 

U(w,f) G L 2 {n-d n x) n x (H 1 ^))* \div(w) = f\ a } H- 1 ' 2 ^) = (H^dSl))* 
| w i-» v ■ (w, f) 

by setting 

Hi/>(an)(^"' {w,f)) [H i/2, dn) , = \ d n xV$(x)-w(x) + H i {Q) ($,f) {H i { n )) , (A.29) 

Jn 

whenever (j) E H 1/2 (dQ) and $ G H 1 ^) is such that 7d$ = <j). Here #i(Q)(<I>, f}(m(n))* in (A.29) 
is the natural pairing between functional in (i? 1 (fi))* and elements in ii^ 1 (SI) (which, in turn, 
is compatible with the (bilinear) distributional pairing). It should be remarked that the above 
definition is independent of the particular extension $ G i/ 1 (il) of <j>. 

Going further, one can introduce the ultra weak Neumann trace operator tv as follows: 

_^ U(uJ)eH\Q) x (Hi(Q))* \ Au = f\n} ^ H-V 2 (dQ) 

\ tin 7a/-(w,/) = v ■ (Vu,f), 

with the dot product understood in the sense of (A.28). We emphasize that the ultra weak Neumann 
trace operator 7// in (A. 30) is a re-normalization of the operator 7jv introduced in (2.38) relative to 
the extension of Aw G H~ 1 (Q) to an element / of the space (i? 1 (SI)) * H~ 1 (W n ) | supp (g) C 

SI}. For the relationship between the weak and ultra weak Neumann trace operators, see (2.62)- 
(2.64). In addition, one can show that the ultra weak Neumann trace operator (A. 30) is onto 
(indeed, this is a corollary of Theorem 4.5). We note that (A.29) and (A. 30) yield the following 
Green's formula 

(7d*.7v(«,/))i/2 = (V$,V«) L 2 (W + H . ([J) ($,/) (i ,i (11)) ., (A.31) 

valid for any u G H 1 ^), f 6 (H 1 ^))* with Am = /| n , and any $ G i/ 1 (Sl). The pairing on the 
left-hand side of (A.31) is between functional in (if 1 / 2 (9r2))* and elements in if 1 / 2 (9Sl), whereas 
the last pairing on the right-hand side is between functionals in (_ff 1 (Sl)) and elements in _ff 1 (Sl). 
For further use, we also note that the adjoint of (2.7) maps boundedly as follows 

7^ : (H'-^idn))* -» (H s (n)Y, 1/2 < s < 3/2. (A.32) 

Remark A. 3. While it is tempting to view 70 as an unbounded but densely defined operator on 
L 2 (Q;d n x) whose domain contains the space Qj°(Sl), one should note that in this case its adjoint 
7j£j is not densely defined: Indeed (cf. [43, Remark A.4]), dom(7^) = {0} and hence 7d is not a 
closable linear operator in L 2 (S1; d n x). 

Next we recall the following result from [46] (and reproduce its proof for subsequent use in the 
proofs of Lemmas A. 5 and D.3). 

Lemma A.4 (cf. [46], Lemma A. 6). Suppose SI C W l , n > 2, is an open Lipschitz domain with a 
compact, nonempty boundary dfl. Then the Dirichlet trace operator 7^ {originally considered as in 
(2.7)) satisfies (2.9). 
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Proof. Let u £ H (3 / 2 1 +e (n), v G Cg°(R n ), and u e G C°°(T1) ^ H^/^ +£ (n), £ G N, be a sequence 
of functions approximating u in ( 3 / 2 )+ e (SI) . It follows from (2.7) and (A. 4) that 7£>u,7.d(Vu) £ 
L 2 (<9£1; d™ _1 o;). Utilizing (A. 13), one computes for all j,k — 1, . . . ,n, 



_m-l 



lim / d n 1 ujui-^ 



an dTj, k 



lim / d n cj v 



■n-i, 9u i 



an dT j: k 



(A.33) 



< c 



< c||7r.(Vu)|| i2(an . dn _ lw) llwll^^n.^-i^ . 



lim / d" 1 a)«7 £ )(V'Uf) 

Thus, it follows from (A.16) and (A.33) that j D u G if^Sfi). □ 

Next, we prove the following fact: 

Lemma A. 5. Suppose ft C R™ , n > 2, is a bounded Lipschitz domain. Then for each r G (1/2, 1), 
the space C r (dQ) is a module over _ff 1 / 2 (90). More precisely, if Mf denotes the operator of multi- 
plication by f, then there exists C = C(Q, r) > such that 

Mf G B(H^(dn)) and \\M f \\ B ( Hl/2(an)) < C\\f\\ C r m) for every f G C r (dSl). (A.34) 

As a consequence, if ft is actually a bounded C 1,r -domain with r G (1/2, 1), then the Neumann and 
Dirichlet trace operators 7jv, "Id satisfy 

7jv G B(H 2 (n),H 1/2 (dfl)) (A.35) 

and 

7d G B(H 2 (n),H 3/2 (dn)). (A.36) 

Proof. The first part of the lemma is a direct consequence of general results about pointwise mul- 
tiplication of functions in Triebel-Lizorkin spaces (a scale which contains both Holder and Sobolev 
spaces); see [86, Theorem 2 on p. 177]. Then (A.35) follows from this, (2.7), the fact that jn — v-^d, 
and v G C r {d$l). Next, one observes that for each u G H 2 (fl) one has jdu G H 1 (dQ) by Lemma 
A. 4. In addition, 

^-(7d«) - (^lD(d k u) - u klD {dju)) G H^ 2 (dfl), (A.37) 

with a naturally accompanying estimate, by (2.7) and the fact that, as observed in the first part of 
the current proof, multiplication by Vj (for 1 < j < n) preserves ff 1/2 (<9ft). Consequently, (A.36) 
follows from this and (A. 38), (A. 39) below. □ 

Our next result should be compared with (A. 14) and Lemma A.l. 
Lemma A. 6. IfCl C W 1 is a bounded C 1 ^ -domain with r G (1/2, 1) then 

H 3/2 (dfl) = {/ G H 1 (dfl) | df/dTj, k G H 1/2 (dfl) l<j,k<n} (A.38) 

and 

n 

ll/llirs/ a( an) « WfWmm) + £ W d f/ d ^k\\m/ H aay (A.39) 

Proof. To justify (A.38) and (A.39) we use a smooth cut-off function to localize the problem near a 
boundary point where <9f2 coincides with the graph of a C 1,r function ip : R™ -1 — > M. In this setting, 
the desired conclusions follow from (A. 20), (A.34), and (A. 23) used with s = 3/2. □ 
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Appendix B. Sesquilinear Forms and Associated Operators 

In this appendix we describe a few basic facts on sesquilinear forms and linear operators associated 
with them. 

Let TL be a complex separable Hilbert space with scalar product ( • , - )u (antilinear in the first 
and linear in the second argument), V a reflexive Banach space continuously and densely embedded 
into TL. Then also TL embeds continuously and densely into V*. 

V^TL^V*. (B.l) 

Here the continuous embedding TL <—* V* is accomplished via the identification 

TL3u^(-,u) n eV*, (B.2) 

and we recall the convention in this manuscript (cf. the discussion at the end of the introduction) 
that if X denotes a Banach space, X* denotes the adjoint space of continuous conjugate linear 
functionals on X, also known as the conjugate dual of X. 
In particular, if the sesquilinear form 

v (-, -) v «: V x V* ->C (B.3) 

denotes the duality pairing between V and V*, then 

v{u,v) v * = (u,v) H , ueV,veH^V*, (B.4) 

that is, the V, V* pairing y ( • , • }y* is compatible with the scalar product ( • , • ) n \nTL. 
Let T e B{V, V*). Since V is reflexive, (V*)* = V, one has 

T:V^V*, T*:V^V* (B.5) 

and 

v (u,Tv) v * = v ,(T*u,v)(y*)* = v*(T*u,v) v = v (v,T*u) v ,. (B.6) 
Self-adjointness of T is then defined by T — T*, that is, 



v{u,Tv) v * = v .(Tu,v) v = v {v,Tu)v*, ti,«eV, (B.7) 
nonnegativity of T is defined by 

v(?!,Tw) v * > 0, u e V, (B.8) 
and boundedness from below of T by ct £ K is defined by 

V (u,Tu) v , >c T \\u\\ 2 n , ueV. (B.9) 

(By (B.4), this is equivalent to v(u,Tm)v» > ctv(m, w)y*, u G V.) 

Next, let the sesquilinear form a( ■ , •): VxV^C (antilinear in the first and linear in the second 
argument) be V -bounded, that is, there exists a c a > such that 

\a(u,v)\^c a \\u\\ v \\v\\ v , u,veV. (B.10) 

Then A defined by 

| d — > Av = a( • , w), 
satisfies 

A e B(V, V*) and v (u, Av) v , = a(u, v), u,veV. (B.12) 
Assuming further that a( ■ , • ) is symmetric, that is, 



(B.11) 



a(u, v) = a(v,u), u,veV, (B.13) 
and that a is V '-coercive, that is, there exists a constant Co > such that 

a(u,u) > C \\u\\y, ueV, (B.14) 
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respectively, then, 

A: V — > V* is bounded, self-adjoint, and boundedly invertible. (B.15) 
Moreover, denoting by A the part of A in H defined by 

dom(A) = {u e V\Au e H) C W, A = i| dom(A) : dom(A) W, (B.16) 
then A is a (possibly unbounded) self-adjoint operator in H satisfying 

A > C I H , (B.17) 

dom(A 1 / 2 ) = V. (B.18) 

In particular, 

A' 1 g B(W). (B.19) 
The facts (B.1)-(B.19) are a consequence of the Lax-Milgram theorem and the second representation 
theorem for symmetric sesquilinear forms. Details can be found, for instance, in [31, §VI.3, §VII.l], 
[37, Ch. IV], and [63]. 

Next, consider a symmetric form b( ■ , • ) : VxV^C and assume that b is bounded from below by 
Cb E M, that is, 

b(u,u) > c 6 |H|^, aeV. (B.20) 
Introducing the scalar product ( • , • )v(b) : VxV^C (with associated norm || • ||y(6)) by 

(tt,«)v(6) = b(u,v) + (1 - c b ){u,v) H , u, u e V, (B.21) 

turns V into a pre-Hilbert space (V; ( • , • )v(i>))> which we denote by V(6). The form b is called closed 
if V(b) is actually complete, and hence a Hilbert space. The form b is called closable if it has a closed 
extension. If b is closed, then 

|6(u,t>) + (1 - c b )(u,v) n \ < IM|v(6)IMIv(6) ; u,veV, (B.22) 

and 

|&( W , U ) + (l- C6 )|| W ||^| = Hv(6), «ev, (B.23) 
show that the form fr( ■ , • ) + (1 — c&)( ■ , ■ is a symmetric, V-bounded, and V-coercive sesquilinear 
form. Hence, by (B.ll) and (B.12), there exists a linear map 

^ 5 (V(6)-V(6)-, 

[ w^ J B C6 -y = 6(-,'y) + (l-c 6 )(-,w)-H, 

with 

B Cl eB(V(fc),V(6)*) and V (6)(u, -B c ^) v(6) , = 6(u,v) + (1 -<%)(«, «,»eV. (B.25) 

Introducing the linear map 

B = B Cb + (c b -l)I: V(b)^V{b)*, (B.26) 

where /: V(b) ^> V(b)* denotes the continuous inclusion (embedding) map of V(b) into V(b)*, one 
obtains a self-adjoint operator B in Tt by restricting B to H, 

dom(B) = {u e V | Bu e H) C ft, B = B| dom(fi) : dom(B) (B.27) 

satisfying the following properties: 

B>c b I n , (B.28) 

dom(|B| 1/2 ) = dom((B - c 6 /«) 1/2 ) = V, (B.29) 

b(u,v) = (\B\ 1 / 2 u,U B \B\ 1 / 2 v) n (B.30) 
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= ((B - c b I n ) 1/2 u, (B - c b I H ) 1/2 v) H + c b (u, v) H (B.31) 

= v(b)(u,Bv) v{b) ,, u,veV, (B.32) 

b(u, v) = (u, Bv) H , u E V, v E dom(B), (B.33) 

dom(_B) = {v E V | there exists an f v E H such that 

b(w, v) = {w, f v ) n for all w E V}, (B.34) 

Bu = f u , u E dom(£>), 

dom(B) is dense in H and in V(b). (B.35) 

Properties (B.34) and (B.35) uniquely determine B. Here Ub in (B.31) is the partial isometry in 
the polar decomposition of B, that is, 

B = U B \B\, \B\ = (B*B) 1/2 . (B.36) 

The operator B is called the operator associated with the form b. 
The norm in the Hilbert space V(b)* is given by 

ll^llv(6)-=SUp{|v(6)<«,^>V(6)-|IWv(6)<l}, ^W, (B.37) 

with associated scalar product, 

(iuhhibr =v(b)({B + (l-c b )T)- 1 h,e2) v{br , *i,* 2 eV(6)*. (B.38) 

Since 

\\(B + (1 - c b )l)v\\ v{b) , = \\v\\ v(b) , veV, (B.39) 
the Riesz representation theorem yields 

(B + (1 - c b )I) E B(V(b),V(b)*) and (B + (1 - c b )l) : V{b) V(b)* is unitary. (B.40) 
In addition, 



v(6) («, (B + (1 - C6)/)w) v(6) . - ((B + (1 - c 6 )/ w ) 1/2 U , (B + (1 - c b )I n ) 1/2 v) n 



(B.41) 



= (u,u)v(6), u,vEV(b). 
In particular, 

||( J B + (l-c b )/ w ) 1 / 2 U || w -|| U || v(b) , u€V(6), (B.42) 

and hence 

(B + (1 - Q,)^) 1 / 2 e B{V{b),H) and (B + (1 - c 6 )/ w ) 1/2 : V(6) -► W is unitary. (B.43) 

The facts (B.20)-(B.43) comprise the second representation theorem of sesquilinear forms (cf. [37, 
Sect. IV.2], [40, Sects. 1.2-1.5], and [53, Sect. VI.2.6]). 

A special but important case of nonnegative closed forms is obtained as follows: Let Hj, j = 1, 2, 
be complex separable Hilbert spaces, and T: dom(T) — > H2, dom(T) C Hi, a densely defined 
operator. Consider the nonnegative form ot : dom(T) x dom(T) — ► C defined by 

a T (u,v) = (Tu,Tv) n2 , u,vEdom(T). (BAA) 

Then the form aj- is closed (resp., closable) if and only if T is. If T is closed, the unique nonneg- 
ative self-adjoint operator associated with ax in Hi, whose existence is guaranteed by the second 
representation theorem for forms, then equals T*T. In particular, one obtains 

a T {u,v) = (\T\u, \T\v) Hl , u,v E dom(T) = dom(|T|). (B.45) 
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In addition, since 

b(u, v) + (1 - c b )(u, v) H = ((B + (1 - c b )I H ) 1/2 u, (B + (1 - c)I n ) 1/2 v) , 

(B.46) 

u, v G dom(6) = dom(\B\ 1/2 ) = V, 

and (B + (1 — Cb)!^) 1 / 2 is self-adjoint (and hence closed) in W, a symmetric, V-bounded, and V- 
coercive form is densely denned in Tt x H and closed (a fact we used in the proof of Theorem 2.6). 
We refer to [53, Sect. VI.2.4] and [104, Sect. 5.5] for details. 

Next we recall that if cij are sesquilinear forms defined on dom(cij) x dom(cij), j = 1, 2, bounded 
from below and closed, then also 

J (dom(ai) n dom(a 2 )) x (dom(ai) n dom(a 2 )) — ► C, 
(ai +a 2 ): < (B.47) 
\{u, v) i > (ai + a 2 )(u, w) = ai(u, w) + a 2 (u, v) 

is bounded from below and closed (cf. [53, Sect. VI. 1.6]). 

Finally, we also recall the following perturbation theoretic fact: Suppose a is a sesquilinear form 
defined on V x V, bounded from below and closed, and let b be a symmetric sesquilinear form 
bounded with respect to a with bound less than one, that is, dom(6) 3VxV, and that there exist 
^ a < 1 and (3 ^ such that 

a\a{u,u)\ +/?||«||«, u G V. (B.48) 

Then 

(a + b): /VxV^C, 

I (u, w) (a + &)(m, w) = a(u, v) + b(u, v) 

defines a sesquilinear form that is bounded from below and closed (cf. [53, Sect. VI. 1.6]). In the 
special case where a can be chosen arbitrarily small, the form b is called infinitesimally form bounded 
with respect to a. 

Appendix C. Estimates for the Fundamental Solution of the Helmholtz Equation 

The principal aim of this appendix is to recall and prove some estimates for the fundamental 
solution (i.e., the Green's function) of the Helmholtz equation and its x-derivatives up to the second 
order. 

Let E n (z;x) be the fundamental solution of the Helmholtz equation (—A — z)ip{z: • ) = in M™, 
ti 6 N, i! ) 2, already introduced in (2.117), and reproduced for convenience below: 

3 (^) (2 " l)/2 <L 2)/2 (zV 2 |x|), n > 2, z G C\{0}, 
E ^ z '^ = \ 27m(M), ra = 2, z = 0, ( CJ ) 

7 o\ 1 3C I > Tli 3 - Z — - 

(n-2)ui n -i II' ^11 

Im^ 1 / 2 ) >0,,i£ K n \{0}, 

where ■ ) denotes the Hankel function of the first kind with index v > (cf. [1, Sect. 9.1]) and 

u„_i = 27r™/ 2 /r(n/2) (r( • ) the Gamma function, cf. [1, Sect. 6.1]) represents the area of the unit 
sphere S^ 1 in W l . 

As z — > 0, E n (z,x), x G IR™\{0} is continuous for n > 3, 

E n (z,x) = E n (0,x) = - i \x\ 2 - n , xel"\{0},«)3, (C.2) 

z^o [n — 2)w n -i 
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but discontinuous for n = 2 as 

E 2 (z,x) = ^ln(^/2| a ,|/ 2 )[i + 0(^^12)] + J_v(l) + 0(z|a:| 2 ), x G K 2 \{0}, n = 2. (C.3) 

Here tj){w) — T'(w)/T(w) denotes the digamma function (cf. [1, Sect. 6.3]). Thus, we simply define 
E 2 {0;x) = =±H\x\), x G R 2 \{0} as in (C.l). 
To estimate E n we recall that (cf. [1, Sect. 9.1]) 

ff (n-2)/2( • ) = An-2)/2( ' ) + ^(n-2)/ 2 ( • ), (C.4) 

with J„ and Y v the regular and irregular Bessel functions, respectively. 

We start considering small values of \x\ and for this purpose recall the following absolutely con- 
vergent expansions (cf. [1, Sect. 9.1]): 

UQ = ($ E WrV +fc + i) ' ^c\(-oo,o],, eK \(-N), (c.5) 

J_ m (C) = (-l) m J m (C), C G C, m G No, (C.6) 
yy(0= J,(C)cos^-J- y (C) | CeCV -oo ) 0] ) , e (0,oo)\N > (C.7) 

«) - -g E (m ' fc fc ,' 1)! ^ + I'M HC/2) 

- ^ E^( fc + 1) + Mm + k = 1)] 4fc l fc ^ i C€C\(-oo,0],meNo. (C.8) 

fe=0 

We note that all functions in (C.5), (C.7), and (C.8) are analytic in C\(— oo, 0] and that J m (-) is 
entire for m G Z. In addition, all functions in (C.5)-(C.8) have continuous nontangential limits as 
C — > i] < 0, with generally different values on either side of the cut (— oo, 0] due to the presence of 
the functions C, v and hi(£). (We chose v G R and subsequently usually v ^ for simplicity only; 
complex values of v are discussed in [1, Ch. 9].) 

Due to the presence of the logarithmic term for even dimensions we next distinguish even and 
odd space dimensions n: 

(i) n = 2m + 2, me N , and z G C\{0} fixed: 

E 2m+2 {z-x) = U 2 ^Y m H^(z^\x\) 



4 V z 1 / 2 
i ( 2k\x\ 



[j m (z^ 2 \x\)+iY m (z^\x\)} 



■2,1/2 

i(^)^{0(N") + |ln(^)0(N») (C9) 



(1 - Omfl) 



7T 

(m) rc = 2m + 1, m G N, and z G C\{0} fixed: 

l f2n\x\\ {1/2) - m 



(m - 1)! + (1 - 5 m ,i)(m - 2)1 [ ) + 0(\x\^ 



^ m+ ,{z;x) = \{^) : " m H^ {1/2) (z^\x\) 
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yrn/2 n - m2 l-rn^l-rn h (l)_^ z l/2^ 



2 ^i/2 1-1/ Z_, fc! ( m _ fc _i) 

f (4n\x\yi [1 + izV*\x\ + 0(\xf)} , m = 1, 

IxHo [^m-l^-ilx^-^fl + Odarl 2 )], m > 2, 1 " ! 

with defined in [1, Sect. 10.1]. 

Given these expansions we can now summarize the behavior of E n (z; x) and its derivatives up to 
the second order as \x\ — > 0: 

Lemma C.l. Fix z e C\{0}. Then the fundamental solution E n (z; •) of the Helmholtz equation 
(—A — z)tjj(z- 1 ■ ) = and its derivatives up to the second order satisfy the following estimates for 
< \x\ < R, with R > fixed: 



\E n (z;x)-E n (0;x)\ < < 



C, n = 2,3, 

C[|In(W)l + l], « = 4, (C.ll) 
[C[\x\ 4 - n + l], n^5, 



i8A^i»)-«A^m»)i<{c[i 1 °p l l ) l f + 1 fJ' < c - i3 > 

Here C = C(R,n,z) represent various different constants in (C.11)-(C.13) and dj = d/dxj, 1 ^ 
j < n. 

Proof. The estimates in (C.ll) follow from combining (C.l), (C.9), and (C.10). The estimates in 
(C.12) follow from the fact that 

djE n (z;x) = -2irXjE n+ 2(z;x), z e C\{0}, x G R"\{0}, 1 < j < n, n > 2, (C.14) 

which permits one to reduce them essentially to (C.ll) with n replaced by n + 2. The recursion 
relation (C.14) is a consequence of the well-known identity (cf. [1, Sect. 9.1]) 

±(C V C U {Q) = -C-"C„ +1 (C), C 6 C\{0}, c6K, (C.15) 

where C„ ( • ) denotes any linear combination of Bessel functions of order v with £ and v independent 
coefficients. Iterating (C.14) yields 

djd k E n (z;x) = A^x^XkE-n+^x) - 2ir5 J , k E n+2 (z;x), 

z e C\{0}, x E K"\{0}, 1 < j, k < n, n > 2. ( ' ^ 

Combining (C.ll) and (C.16) then yields (C.13). □ 

Finally, we mention for completeness that for large values of |x|, (C.l) implies the following simple 
asymptotic behavior (cf. [1, Sect. 9.1]): 

™) e i(»^»|-|— [i + oda-i-i)] , zeC\{0}, Im(,V2) >0 . 



(C.17) 
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In particular, as long as z G C\[0, oo) (and hence Irn^ 1 / 2 ) > 0), E n (z; x) decays exponentially with 
respect to x as \x\ — > oo. 

Appendix D. Calderon-Zygmund Theory on Lipschitz Surfaces 

This appendix records various useful consequences of the Calderon-Zygmund theory on Lipschitz 
surfaces. 

Our first result, Lemma D.l below, is modeled upon a more general result in [50]. For the sake 
of completeness we include the full argument. 

Lemma D.l. Let VL C R n be a Lipschitz domain with compact boundary and let k(- , ■) be a 
real-valued, measurable function on <9f2 x dfl satisfying 

\k(x,y)\< f {l *~y\\ , x,y&dn, (D.l) 
\ x y\ 

where ip is monotone increasing and satisfies 

( 1 dt^l <00 . (D.2) 
Jo t 

Consider 

(Kf)(x)= [ d n - 1 uj(y)k(x,y)f(y), x e 90. (D.3) 
Jan 

Then 

K e Boo (L p (dn- : d^uj)) (D.4) 

for each p G (1, oo). 

Proof. For a fixed, arbitrary e > 0, decompose k(x, y) = k £ (x, y) + kb{x, y), where 

, i , jk{x,y), \x-y\< e, 

k e (x,y) = i (D.5) 
(0, \x-y\> e. 

Then K = K £ + Kb, where K £ , Kb arc integral operators on dfl with integral kernels k E (x,y) and 
kb(x,y), respectively. Setting 

Sj( x ) = {y g dQ\2- j - 1 < \x-y\ < 2-3), x G dQ, j G N, (D.6) 

for each x G dfl we may then compute (with the logarithm taken in base 2) 

f d n -^(y)\k £ (x,y)\<C ]T / d-My)^ (|a: " yl) 
Jon ^wi/^^tx) 



x — y\ n 1 



j>log l/e 

<C ^ )<cf~dt—. (D.7) 

Of course, there is a similar estimate for J gn d n ~ 1 u(x) \k £ (x,y)\, uniformly for y G <9f2. Schur's 
lemma then yields 

\\Ke\\B(LHon;#>-i u )) < C [ dt 4^ - as e - 0. (D.8) 



^eWBiLvidn;^- 1 ^)) ^ ^ / Chi — 

Jo 1 

Thus, it suffices to show that Kb is compact on each L p (dV,;d n ^ 1 oj) space, for p G (l,oo), under 
the hypothesis that kb(x,y) is bounded. First note that Kb is compact on L 2 (d$l, d n ^ 1 iv), since it 
is Hilbert- Schmidt, due to the fact that uj(dil) < oo. The compactness of Kb on L p (dCl, d n ^ 1 u}) for 
each p G (1, oo) then follows from an interpolation theorem of Krasnoselski (see, e.g., [16, Theorem 
2.9, p. 203]). □ 
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We now record a basic result from the theory of singular integral operators of Caldcron Zygmund- 
type on Lipschitz domains. To state it, we recall that / denotes the Fourier transform of appropriate 
functions /: R" — > C. Moreover, given a Lipschitz domain C M™, set f2+ = fl, fi_ = K"\fl, we 
define the nontangential approach regions T^(x), x £ d£l, by T^(x) — {y £ Q± \ \x — y\ < (1 + 
k) dist (y, dil)}, where k > is a fixed parameter. Next, at every boundary point the nontangential 
maximal function of a mapping u (defined in either fi + or 0_) is given by 

(Mu)(aO=sup{|u(i/)||i/er±(aO} (D.9) 

(with the choice of sign depending on whether u is defined in + , or and, for u defined in 0±, 
we set 

{"1n.t.u){x) = lim u(y) for a.c. x £ dVL. (D.10) 

yer+(x) 

For future reference, let us record here a useful estimate proved in [36], valid for any Lipschitz 
domain Q C M™ which is either bounded or has an unbounded boundary. In this setting, for any 
p £ (0, oo ) and any function u defined in ft, 

||«||i,»p/(—i>(fi;d»x) < C(n,n,p)\\Mu\\ L p {dn . id n-i u) . (D.ll) 

Theorem D.2. There exists a positive integer N = N(n) with the following significance. Let 
Q C M™ be a Lipschitz domain with compact boundary, and assume that 

k £ C N (R n \{0}) with k(-x) = -k(x) and k(\x) = \- (n - 1 '> k(x), A > 0, x £ M™\{0}. (D.12) 

Define the singular integral operator 

(Tf)(x)= f d n - 1 u J (y)k(x-y)f(y), x £ M. n \dfl. (D.13) 
Jon 

Then for each p £ (1, oo) there exists a finite constant C — C(p, n, 90) > such that 

\\M(Tf)\\ LP{da . dn - lw) < C\\k\ S n-4 c »\\f\\ LP(sai d»-i u y (D.14) 
Furthermore, for each p £ (1, oo), / £ L' p {d£l; d" _1 o>), the limit 

(Tf){x) = p.v. f cT-^iy) k(x - y)f(y) = lim f ve3n al^^y) k(x - y)f(y) (D.15) 

Jon e^ 0+ J\x-y\>e 

exists for a.e. x £ dQ, and the jump-formula 

7n.t.(T.f)(x) = lim (Tf)(z) = ±±k(u(x))f(x) + (Tf)(x) (D.16) 
zeri(x) 

is valid at a.e. x £ dSl, where v denotes the unit normal pointing outwardly relative to ft (recall that 
'hat' denotes the Fourier transform in R n ). 
Finally, 

ira ffl / 2( n) <C\\f\\ L2{an . d n- lu) . (D.17) 
See the discussion in [24], [25], [73]. 

Lemma D.3. Whenever Q is a Lipschitz domain with compact boundary in W l , 

K* £B(L 2 (dn;d n - 1 tu)), z£C, (D.18) 

and 

(K*-K*)£B 00 (L 2 (dn;d n - 1 Lu)), zi,z 2 eC, (D.19) 
lD S z £ B{L 2 {dQ.;d n - 1 uj),H 1 {dQ)), z£<£. (D.20) 
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Proof. We recall the fundamental solution E n (z; ■ ) for the Helmholtz equation (—A — z)ip(z; ■ ) = 
in R™ introduced in (2.117). Then the integral kernel of the operator Kf — Kf is given by 

k{x,y) = is(x)- (VE n (z;x-y)-VE n (0;x-y)), x,y G dfl. (D.21) 

By (C.12) we therefore have \k(x,y)\ < C\x - y\ 2 ~ n , hence (D.l) holds with ip(t) = t. Note that 
(D.2) is satisfied for this choice of ip, so (D.19) is a consequence of Lemma D.l. In addition, (D.18) 
follows from (D.19) and Theorem D.2, according to which K* e B(L 2 (dil; d n_1 w)) . Finally, the 
reasoning for (D.20) is similar (here (A. 15) is useful). □ 

Lemma D.4. If £1 is a C 1,r , r > 1/2, domain in M. n with compact boundary, then 

(K# - Kg) G B^H^dil)), ZU Z2 G C. (D.22) 

Proof. The integral kernel of the operator Kf — Kf is given by (D.21). By Lemma A. 5, the operator 
of multiplication by components of v G [C r (dQ)] n belongs to B( y II 1 / 2 (d^l)) . Hence, it suffices to 
show that the boundary integral operators whose integral kernels are of the form 

d j E n {z;x-y)-d j E n (0;x-y)), x,y G 90, je{l,...,n}, (D.23) 

belong to B(L 2 (dn;d n - 1 u}),H 1 (dn)). This, however, is a consequence of (A.18), (A.19) (with 
s = 1), (C.13), and Lemma D.l (with ip(t) = t). □ 

Lemma D.5. let < a < (n — 1) and 1 < p < q < oo be related by 

1 = 1- (a +1)1. (D.24) 
q p \ pin 

Then the the operator J a defined by 

J a f(x)= [ d^y- 1 -— T —f(y), x G M^, / G L p (M. n ~ 1 ;d n ~ 1 x), (D.25) 

jRn-i \x-y\ n 

is bounded from L p (R n ~ 1 ;d n ~ 1 x) to L q (W^_; d n x) , that is, for some constant C a . p . q > 0, 

||Ja/||L«(R»;«I»x) < C a , p , q \\f\\ LP(R ^ d ^ x) , f G ^(R"" 1 ; d^x). (D.26) 

Proof. A direct proof appears in [75]. An alternative argument is to observe that M(J a f)(x) < 
CJ a (\f\)(x), uniformly for x G cM™ , and then to invoke the general estimate (D.ll) in concert with 
the classical Hardy-Littlewood-Sobolev fractional integration theorem (cf., e.g., [92], Theorem 1 on 
p. 119). □ 

Next, we record a lifting result for Sobolev spaces in Lipschitz domains in [51]. 

Theorem D.6. Let ft C W l be a Lipschitz domain with compact boundary. Then, for every a > 0, 
the following equivalence of norms holds: 

~ IM|z, 2 (fi) + ||Vu|| H «(fi)- (D.27) 
Theorem D.7. Let il C W 1 be a bounded Lipschitz domain. Then for every z G C, 

S z G B(L 2 (0fi;d n - 1 w),iT 3 / 2 (fi)), (D.28) 

and 

^eSlF-^ffi),^ 2 ^)). (D.29) 

In particular, 

S z G B(H s ~ 1 (dfl),H s+( - 1 / 2 \Q)), Os^ssCl. (D.30) 
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Proof. Given / G L 2 (dVL; d™^), write <S*/ = <S / + (<S* - So)/- From (D.17) and Lemma D.6 
we know that ||<So/||.h-3/2/q) < C\\f\\L 2 (dn-,d n - 1 u})j f° r some constant C > independent of /. Using 
(C.13) and Lemma D.5 (with a = 1) one concludes that 

V 2 (S Z -S ) GB(L 2 (dfl;d n - 1 uj),L 2 {n;d n x)), (D.31) 

and (D.28) follows from this. The proof of (D.29), is analogous and has as starting point the fact 
that <So/ G B{H^ 1 {d^l), _ff 1 / 2 (il)) , itself a consequence of (D.17) and the following description of 

H-\dn) = L+ ( d fj,k/dT jtk ) g,f j , k GL 2 (dfl;d n - 1 w)\. (D.32) 

l<j,fc<n > 

Then (D.31) ensures that 

{S z -S ) EB^-^ai)./? 1 ^), (D.33) 
and (D.29) follows. □ 

We recall the adjoint double layer on <9£1 introduced in (2.119) and denote by 

(K z g)(x) = p.v. / tT-My^Sntay-aMtf), xeffl, (D.34) 
Jan 

its adjoint. It is well-known (cf., e.g., [101]) that 

Hypothesis 2.1=>Ke B(L 2 (dn ; d^oj)) n B^idn)) (D.35) 

and (cf. [38] and (D.19)) that 

Q a bounded ^-domain =^ K z e B 00 (L 2 (dQ; d™" 1 ^)), z G C. (D.36) 

It follows from (D.35), (D.36), (4.4), and Theorem 4.2 that 

Q a bounded ^-domain ==> K z G B^H^dQ)), s G (0, 1), z G C. (D.37) 

We wish to complement this with the following compactness result. 

Theorem D.8. If ft C R™ is a bounded C lr -domain with r G (1/2, 1) i/ien 

iff G Soc(^ 1/2 (50)), zgC. (D.38) 

The proof of this result (presented at the end of this section) requires a number of tools from the 
theory of singular integral operators which we now review, or develop. 

Theorem D.9. Let A : R" -> M m be a Lipschitz function, and assume that F : W n -> R, F G 
C" 1 !!" 1 ), F is an odd function. For x,y G R" mift x ^ y set K(x,y) = F ( ^rffi^ ), and 

/or e > 0, / a Lipschitz function with compact support in R™, define the truncated operator 

(T £ f)(x)= J d n yK(x,y)f(y), x G R™. (D.39) 

|x-J/|>£ 

Then, for each 1 < p < oc, the following assertions hold: 

(i) TTie maximal operator (T*/)(x) = sup {|(T e /)(x)| |e > 0} is bounded on L p (R n ;d n x). 

(ii) If 1 < p < <xi and f G L P (R"; d™x) i/ien ifte Zimii lim e _^o(T £ /)(x) exists for almost every 
x G R" and the operator 



(T/)(x) = Iim(T e /)(x) (D.40) 

e— >0 



is bounded on L p (R n ; d n x) . 
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A proof of this result can be found in [70] . 

Theorem D.10. Let A : R" -> M m , B = (B lt ...,B e ) : R" -> R £ 6e ta;o Lipschitz functions and let 
F : M m x K £ — > R &e a C N (with N = N(n,m,£) a sufficiently large integer) odd function which 
satisfies the decay conditions 

\F(a,b)\<C(l + \b\r n , (D.41) 

|V/F(a,6)| <C, (D.42) 

\VnF(a,b)\ < C(l + I6I)- 1 , (D.43) 

uniformly for a in compact subsets of R" and arbitrary b G R £ . (Above, V/ and V77 denote the 
gradients with respect to the first and second sets of variables.) For 1,1/6 R" with x ^ y and t > 
we set 

*(,, ,) - ' f (^M, ft M - ft (») + V . . ftM - ft(v) + A (D . 44) 

In addition, for each t > we introduce 

{T t f)(x)= ( d n yK t (x,y)f(y), x G R", (D.45) 



and, /or some /iired, positive k, 

(T„f)(x) =sup{\(T t f){z)\\z eR n , t>0, \x-z\ < nt}, x G R™. (D.46) 
TTien, /or eac/i 1 < p < 00, the following assertions are valid: 

(1) The nontangential maximal operator T»* is bounded on L p (R n ;d n x). 

(2) For eac/i / G L p (R™;d"x), tAe limit 

(Tf)(x)= lim (T t f)(z) (D.47) 



- s I < ret 



exzsis almost every x G R n and the operator T is bounded on L p (R n ; d n x). 
Proof. Fix p £ (1, 00). For ^yGl" with x^y consider the kernel 

k — 2/r V k — 2/I k — 2/I / 

and let T, T» be the operators canonically associated with this integral kernel as in Theorem D.9. 
The crux of the matter is establishing the a.e. pointwise estimate 

T„f < CTJ + CMf in R™, (D.49) 

uniformly for / G L p (R™ ; d n x) , where M is the Hardy-Littlewood maximal operator in M™. Then 
the first claim in the statement of the theorem follows from Theorem D.9 and the well-known fact 
that M is bounded on L p (R n ; d n x). 

To this end, fix x, z G R n , t > such that \x — z\ < nt, and let a > be a large constant, to be 
specified later. Then 



f d n yK t (z,y)f(y)- [ d n y K(x,y)f(y) 

JR n J\x-y\>at 



(D.50) 



<f d n y\K t (z,y)\\f(y)\+ [ d n y\K t (z,y)-K(x,y)\\f(y)\=I + IL (D.51) 

J\x— y\<at J\x — y\>at 

Clearly, it suffices to show that \I\, \II\ < CMf. To see this, first observe that 

\K\z, y)\ < Cr n uniformly for any z, y G R™, z + y (D.52) 
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(in fact, this also justifies that T* is well-defined). Indeed, using the fact that for each j E {1, ■■■,£} 
one has Ct < \Bj(z) — Bj(y) + t\ + \z — y\ (easily seen by analyzing the cases \z — y\ > 

and \z-y\< 2 ||vg* H^oo )' we ma y infcr that 



\BAz)-Bj{y) + t\ 
\z-y\ 



< c 



\z-V\ 



(D.53) 



With this at hand, the estimate (D.52) is a direct consequence of (D.41). Returning to /, from 
(D.52), we deduce that |7| < CMf(x). 

Thus, we are left with analyzing II in (D.51). To begin with, we shall prove that 

\K t {z,y)-K{x,y)\<Ct\x-y\- n - 1 for \x - y\ > at. (D.54) 

Let G y (x,t) = K\x,y). Then 

\K\z, y) - K(x, y)\ = \G y (z, t) - G y (x, 0)| (D.55) 

can be estimated using the Mean Value Theorem by 

Ct(\ViG y (w, s)\ + \V n G y (w, s)|), (D.56) 

where w = (1 — 6)z + 6x, s = (1 — 9)t for some < 6 < 1. Next, 



|V/G y ( w , s )| < 



C 



\w-y 



n+1 



A(w) - A(y) B^w) - B^y) + s B e (w) - B e (y) + s 



+ 



C 



+ 



\w-y 
C 

\w - y\ n 



n+1 



w — y\ \w — y\ \w — y\ 

A(w)-A(y) B^w) - B x {y) + s B t {w) - B e (y) + a 



\w-y\ \w-y\ \w-y\ 

A(w)-A(y) B^w) - B x {y) + s B t {w) - B e (y) + s 



C 



\w - y\ 



\w - y\ 

e 

+ E 

i=i 



\w-y\ 

Bj(w) - Bj(y) + s\ 
\w - y\ 2 



\w - y\ 



(D.57) 



Keeping in mind the restrictions on the size of the derivatives of the function F stated in (D.41) 
(D.43), we conclude that the above expression is bounded by C\w — y\~( n+1 \ 
Similarly, it can be shown that 

C 

\ViiG y (w,s)\< 



(D.58) 
(D.59) 



w — y\ n+1 

To continue, one observes that if we choose a > k then, in the current context, 

\w — x\ < \z — x\ < nt — ^— ^ at < ^— ^ \x — y\, 
and \w — x\ + \w — y\ > \x — y\. Hence, 

\w-y\>(l-^j\x-y\, (D.60) 

and, therefore, 

\K f (z, y) - K(x, y)\ < Ct\x - j/l - " -1 . (D.61) 
Next, we split the domain of integration of // (appearing in (D.51)) into dyadic annuli of the 
form 23 at < \x - y\ < 2^ +1 at, j = 0, 1, 2, .... Then 

f d n y\K t (z,y)-K(x,y)\\f(y)\<Yj d n y 

J \x — y\>at 



QJ2iat<\x-y\<2i + 1 at \ X V 



n+1 



\m\ 
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< C^2^(Mf)(x) = C(Mf)(x). (D.62) 

3=0 

This yields the desired inequality, that is, \II\ < CA4f(x). 

The proof of last second claim in the statement of the theorem utilizes a well-known principle 
(cf., e.g., [38]) to the effect that pointwise convergence for a dense class along with the boundedness 
of the maximal operator associated with the type of convergence in question always entails a.e. 
convergence for the entire space LP (R™ ; d n x) . Thus, it suffices to identify a dense subspace V of 
L p (W n ;d n x) such that for any / £ V the limit in question exists for almost every x E R™. Then 
the boundedness of the maximal operator associated with the type of convergence under discussion 
ensures that this limit exists for any / E L P (R"; d n x) at almost every x E R™. 

In our situation, we may take V = Cq(R") and observe that 

lim (T*/)(V) = lim lim \l + II + IIl], (D.63) 

\x — z\<Kt €— >0 \x-z\<Kt 



where 



/= / d n yK\z, y )f{y), 

!/|>l 



■f\x-y\ 

f 

Jl>\x-y\: 

III = f(x)[ d n yK t (z,y). 

Jl> \x — y\ >e 



11=1 d n yK t (z,y)[f(y)-f(x)l (D.64) 



Consequently, 



lim lim I=j d n yK(x,y)f(y) 1 (D.65) 

lim lim //= / d n yK(x,y)[f(y)-f(x)], (D.66) 



whereas 



lim lim III = lim / d n yK(x,y). (D.67) 

^Jr^-To ^ A>|x-„|> e 

Now, this last limit is known to exists at a.e. x E R" (sec, e.g., [76]). Once the pointwise definition of 
the operator T has been shown to be meaningful, the boundedness of this operator on L p (R n ; d n x), 
1 < p < oo, is implied by that of □ 

Theorem D.ll. There exists a positive integer N = N(n) with the following significance: Let 
SI C M" be a Lipschitz domain with compact boundary, and assume that 

k e C N (R n \{0}) with k(-x) = -k(x) and k(Xx) = X'^-^kix), A > 0, x E R n \{0}. (D.68) 

Fix r\ E C N (M. n ) and define the singular integral operator 

(Tf)(x) = p.v. [ d n - 1 u J (y)( V (x)-r 1 (y))k(x-y)f(y) 7 x E OCi. (D.69) 
J da 

Then 

T E B(L 2 (dQ; d n ^ 1 uj),LL 1 (dQ)). (D.70) 
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Proof. Fix an arbitrary / <E L 2 (dCl; d n 1 w) and consider 

u(x)= f d n ~ 1 uj(y)(r ] (x)-r ] (y))k(x-y)f(y), xeSl. (D.71) 
Jan 

Since Tf = u\gn, it suffices to show that 

\\M(Vu)\\ L 2 {dn . d n-i u) <C||/|| L2(9n;d „- M , (D.72) 

for some finite constant C = C(O) > (where the nontangential maximal operator M is as in (D.9)). 
With this goal in mind, for a given j G {1, ...,n}, we decompose 

(dju)(x) = u\(x) + u 2 (x), (D.73) 

where 



and 



Ul (x) = (d jV )(x) ( eT-My) k(x - y)f(y) (D.74) 
Jan 

u 2 (x) = [ cT-^iy) (r,(x) - v(y))(djk)(x - y)f(y). (D.75) 
Jan 



/an 

Theorem D.2 immediately gives that 

l|M Ul || i2(a o ;d n- M < C||/|| i2(w - M , (D.76) 

so it remains to prove a similar estimate with u 2 in place of u-\_. To this end, we note that the 
problem localizes, so we may assume that r\ is compactly supported and f2 is the domain above the 
graph of a Lipschitz function ip : R™ -1 — ► R. In this scenario, by passing to Euclidean coordinates 
and denoting g(y') = f(y', ip(y')), y' G R"" 1 , it suffices to show the following. For x' G R™^ 1 , t > 0, 
set 

v(x',t) = f cT-y ¥>(x') + t) - V (y', V (y')))(djk)(x' - y>, iptf) - V {y') + t)g(y>) (D.77) 

and, with k > fixed, consider 

v**(x') = aup{\v(z',t)\ | |x' - z'\ < Kb), x' G R" _1 . (D.78) 

Then 

||w**||l, 2 (R«- 1 ;d''- 1 x') < C||5l|l, 2 (K"- 1 ;d"- 1 x')- (D.79) 

To establish (D.79), fix a smooth, even function -0 defined in R™, with the property that tp = near 
the origin and ip(x) = 1 for \x\ > \. We then further decompose 

v(x',t) = v 1 {x',t) + v 2 {x',t) (D.80) 

where 

v 1 (x',t)= f d"- 1 ^( ^7 (x^^xO)-^?(y^^yO))(^fc)(x'-y^^xO-^')+^My') (D.81) 

— ^*H]^f' — — ) g(y) 

x' — v'r 1 x ' — v'\ \\x' — v'\ \x' — v'\ ) 



f jn-K; 1 ^ x '' ^ x '^ z yfa 7 )) ^ ^ f x ' z y' ^(^) - + ^ . . 



1 ? 7 (x / , y( xQ) - 77(y', tpfaQ) / x' - y' ip{x') - ip(y' ) + t- 

\x'-y'\ KV >\\x' - y'Y \x'-y' 

and 

v 2 {x', t) = r 1 ^', <p{x') + t) - Mx', ^(x'))v 3 (x' ; t), (D.82) 

where 



w V, t) = / d»-y ^fc)(x' - y', <p(x') - <p(y') + t)g(y') 



ROBIN-TO-DIRICHLET MAPS AND KREIN-TYPE RESOLVENT FORMULAS 57 

- L ^ v ^» 8 - l, (^ V % v -T> "- <D ' 83 » 

(In each case, the role of the function ip is to truncate the singularity of djk at the origin.) Conse- 
quently, if 

vUx')=sup{\vi(z',t)\\\x' -z'\ <Kt}, x'eR n -\ j = l,3, (DM) 

we have 

\\v**\\ L 2( SL n-l. d n-l x ,) < ||u**IU 2 (M«- 1 ;d™- 1 x') + C|| u **IU 2 (M™- 1 ;d™- 1 x')- (D.85) 

As a consequence, it is enough to prove that 

||«**IU 2 (R"- 1 ;d"- 1 x') < C||S , IU 2 (M™-i;d™-ix')' (D.86) 

for j = 1,3. We shall do so by relying on Theorem D.10 (considered with n replaced by n — 1). 
When j = l, we apply this theorem with 

m = n, t=l, a=(ai,a 2 )eRxl"- 1 , be R, 

(D.87) 

F(a,b) = a 1 (<pd j k)(a 2 ,b), B = <p, A = (r](-, ip(-)), •)• 

When j = 3, Theorem D.10 is used with (again n — 1 in place of n) and 

m = n, 1 = 2, b= (6i,6 2 ) e R x M, a e R"" 1 , 

V ; (D.88) 
F(a,6) =C(6i - 62)62^ ^A;)(a, 61), Bi = ^, B 2 = 0, A = / R »-i, 

where ( £ C^°(R) is an even function with the property that ( = 1 on [—M,M] (where M is the 
Lipschitz constant of ip). In each case, the hypotheses on F made in the statement of Theorem D.10 
are verified, and part (1) in Theorem D.10 yields the corresponding version of (D.86). This finishes 
the proof of Theorem D.ll. □ 

After these preparations, we are finally ready to present the following proof: 

Proof of Theorem D.8. We work under the assumption that is a C 1 ' r -domain, for some r > 1/2. 
In particular, v £ {C r (d£l)] n . Thanks to Lemma D.4 it suffices to show that (D.38) holds for z = 0. 
To this end, we write 

K* =K Q + (K* - K ) (D.89) 
and observe that the integral kernel of the operator R = Kf — K is given by 

(v(x)-v(y))-VE n (0;x-y), x,y £ dft. (D.90) 
Let r] a £ [C°°(R™)]", a £ N, be a sequence of vector-valued functions with the property that 

Va\dn -> v in [C r {dVL)] n as a 00, (D.91) 
and denote by R a the integral operator with kernel 

( Va (x)-r] a (y))-VE n (0;x-y), x,y £ 90. (D.92) 
From (2.126) we know that 

lD VS G B(H 1 / 2 (dQ),H 1 / 2 (dn) n ), (D.93) 

which implies that for each j £ {1, n}, the principal- value boundary integral operator with kernel 
djE n (0;x — y) maps H x / 2 (dVl) boundedly into itself. From this, (D.90), (D.91), and Lemma A. 5 we 
may then conclude that 

R a ^R in B(H 1/2 (dn)) as a -> 00. (D.94) 



58 



F. GESZTESY AND M. MITREA 



Also, from Theorem D.ll we have 

R a G B(L 2 (dn;d n - 1 oj),H 1 (dfl)) ^ B^H^dil)) for every a e N. (D.95) 
From (D.94) and (D.95) we may then conclude that 

Re B 00 {H 1 / 2 {dQ)), (D.96) 

hence, ultimately, 

K* GB^H^idn)), (D.97) 

by (D.89), (D.96) and (D.37). □ 

Acknowledgments. We wish to thank Gerd Grubb for questioning an inaccurate claim in an 
earlier version of the paper and Maxim Zinchcnko for helpful discussions on this topic. 
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